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Abstract
Copernican Principle which states \we are not living in a special position in our
universe" is the most fundamental assumption in modern cosmology, and thus its
observational test is one of biggest challenges. Recent technological developments
have enabled us to pursue observational tests of the Copernican Principle. Therefore,
theoretical studies of non-Copernican cosmological models which drop the Coperni-
can Principle have gathered much attention in recent years.
In this thesis, in order to develop observational tests of the Copernican Princi-
ple, we study cosmic structure formation in a non-Copernican cosmological model.
We focus on an inhomogeneous and isotropic Lema^tre-Tolman-Bondi (LTB) cos-
mological model which is the most popular model in the study of non-Copernican
cosmological models.
Firstly, we consider relativistic linear perturbations in a LTB cosmological model.
It is known that perturbation equations in LTB spacetimes are hard to solve analyt-
ically. To avoid the diculty, we focus on a LTB cosmological model of which radial
inhomogeneity is small, and treat it as an isotropic linear perturbation around a
FLRW universe. In this case, linear perturbation equations in a LTB cosmological
model can be reduced to nonlinear perturbation equations in a FLRW universe. We
solve the reduced equations order by order, and obtain density perturbations up to
the second order around a FLRW universe. By computing a two-point correlation
function of density perturbations, we show that it has a distortion (local anisotropy)
due to the existence of tidal elds in a LTB cosmological model. Since no tidal force
exists in homogeneous and isotropic FLRW universe models, our result suggests
that we can test the non-Copernican cosmological model by observing a statistical
distortion of the galaxy distribution.
Secondly, we consider nonlinear structure formation at subhorizon scales in a
LTB cosmological model of a huge void. It is not clear how a relativistic huge void
aects to Newtonian structures such as galaxies and clusters. To reveal the eects,
we derive equations of non-relativistic hydrodynamics and Newtonian gravity for a
uid in a LTB cosmological model, by applying Cosmological Newtonian approx-
imation to perturbations and a local approximation to a background LTB space-
time. From the derived equations, we show that local anisotropic volume expansion
of a LTB cosmological model signicantly aects to the evolution of Newtonian
structures. Our result suggests that observations involved in Newtonian structure
formation can give a strong constraint for non-Copernican cosmological models.
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Chapter 1
Introduction
1.1 Copernican Principle
Modern physical cosmologies commonly assume that our universe is spatially isotropic
and homogeneous on large scales  1 Gpc. Accordingly, the background spacetime
is described by the Friedmann-Lema^tre-Robertson-Walker (FLRW) universe model.
The Big Bang theory based on the FLRW universe model has been succeeded in pre-
dicting cosmological observations, including the expansion of the universe according
to Hubble's law, the existence of the Cosmic Microwave Background (CMB) ra-
diation and the relative abundances of light elements. In addition, perturbation
theory in the FLRW universe accounts for almost all observations about the cosmic
structure formation, including the CMB temperature uctuations and the galaxy
clustering, with a few parameters called the cosmological parameters. The success
of the FLRW universe model seems to imply that our universe is isotropic and ho-
mogeneous on large scales. However, we should not blindly rely on the assumption
without observational justications, and should test it in all ways possible.
The isotropy of our universe can be conrmed directly, and the observed isotropy
of the CMB radiation with high accuracy of about 10 5 implies the isotropy of our
universe1. By contrast, the homogeneity of the universe cannot be conrmed di-
rectly, since we observe the universe from eectively one spacetime event. In or-
der to lead to FLRW universe model from the observed isotropy, we commonly
assume the Copernican Principle which states we are not living in a special po-
sition in the universe. The Copernican Principle is a weaker assumption than the
Cosmological Principle that our universe is spatially isotropic and homogeneous on
1To prove the isotropy of spacetime, the isotropy of the CMB radiation is not enough and
other observations { angular diameter distances, number counts, lensing distortion and transverse
velocities { on the past lightcone are needed. See Ref. [5] in detail.
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large scales. Thanks to the observed CMB isotropy, we can employ the Copernican
Principle as a fundamental working hypothesis of the FLRW universe model instead
of the Cosmological Principle.
Since observational data are usually interpreted under the assumption of homo-
geneity of the background spacetime, modern cosmology would contain systematic
errors that arise from the inhomogeneities never perceived. The systematic errors
may mislead us when we consider major issues in modern cosmology such as prob-
ing Dark Energy abundance and testing General Relativity at cosmological scales.
Therefore, it is an unavoidable task to test the Copernican Principle in observational
cosmology.
We cannot prove the Copernican Principle or homogeneity of the universe for
now. However, we can progress observational tests for consistency of the Copernican
Principle and the homogeneity, and their possibility has been discussed since many
years ago [1, 2]. Recently, a few observational tests of the homogeneity have been
proposed (see comprehensive reviews [3, 4, 5]). We give concrete examples of them
as follows. First, a consistency relation between the luminosity distances and the
expansion rates, which must be satised for all FLRW models can be used [6].
Second, a consistency relation between the radial and transverse Baryon Acoustic
Oscillation (BAO) scales, which must be satised for all FLRW models can also be
used [5]. Third, the non-perturbative thermal or kinetic Sunyaev-Zeldovich (SZ)
temperature eect can show a violation of homogeneity [7]. Fourth, the time drift
of cosmological redshifts can be used as a test of homogeneity [8]. If we nd no
violation from the homogeneity, we can strengthen our condence in the Copernican
Principle. By contrast, if we nd any violation from the homogeneity, we should
relinquish the Copernican Principle and modify the FLRW universe model.
Thanks to recent technological developments, we have begun to be able to test
the Copernican Principle observationally as given above, and thus theoretical studies
of cosmological models which drop the Copernican Principle are receiving much
attention in recent years. We call such models the non-Copernican cosmological
models. The non-Copernican models commonly assume that we live close to the
center in an isotropic spacetime since the universe is observed to be nearly isotropic
around us. We can see such models are contradict to the Copernican Principle, since
it is assumed that we are living at a special position (near the symmetric center)
in the universe. The most common way to describe the non-Copernican models
is to use the Lema^tre-Tolman-Bondi (LTB) [9, 10, 11] solution for the Einstein
equations, which describes the motion of spherically symmetric dust. Thus, we call
such non-Copernican cosmological models the LTB cosmological models throughout
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this thesis. The LTB cosmological models have also been studied as an alternative
to Dark Energy, as we will review in the next section.
Here, it should be noted an observational constraint concerning our location in
the LTB cosmological models. The observed dipole component of the CMB temper-
ature anisotropy limits the position of the observer, and some studies showed that
the observer has to be located within about a radius of 15Mpc from the symmetric
center [12, 13].
1.2 Dark Energy and non-Copernican cosmologi-
cal model
The CDM model, which can account for almost all observational results with a
suitable values of the cosmological parameters, contains unknown souses of Cold
Dark Matter (CDM) and Dark Energy in the form of a cosmological constant .
Although there exist a large number of Dark Energy models that attempt to pro-
vide a dynamical explanation for the cosmological constant, there seems to be no
satisfactory theory that can naturally explain the existence or the abundance of the
observed . This motivates us in dropping the Copernican Principle to construct
an alternative cosmological model that mimic the observations without introducing
Dark Energy.
The observational results of the magnitude-redshift relation for distant Type Ia
supernovae (SNIa) [14, 15, 16, 17] have played a central role in the study of Dark En-
ergy and Copernican Principle. As long as we assume a homogeneous and isotropic
universe model, the observation of SNIa indicates an acceleration of the cosmic vol-
ume expansion. This implies the existence of Dark Energy that acts as a source of a
repulsive gravitational force, if we assume General Relativity at cosmological scales.
However, if we relinquish homogeneity of the universe at cosmological scales, the ob-
served magnitude-redshift relation can be interpreted as the spatial inhomogeneity
of the volume expansion instead of the accelerating expansion. This is essentially
understood as follows. Since the observational data is given on our past light cone,
an expansion rate increasing in time can be hard to distinguish from an expansion
rate decreasing in the radial coordinate of the observer. In the last decade, many
LTB cosmological models which are compatible with SNIa observations have been
constructed by many authors [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31].
LTB spacetime is governed by two free radial functions, the curvature function
k(r) and the Big-Bang time tB(r) (we will dene these in Chap. 2), where r is the
radial coordinate of the observer at the spherical symmetric center. The curvature
3
function and the Big-Bang time correspond to the growing and decaying modes
respectively, if we linearize the LTB spacetime around the FLRW spacetime (we will
show it in Chap. 2). Many of LTB cosmological models assume the homogeneous
Big-Bang time, tB(r) = 0, in order not to contradict to the standard inationary
scenario at suciently early times. In the case of inhomogeneous Big-Bang time,
tB(r) 6= 0, since LTB cosmological models contradict to the inationary scenario, it
seems to be dicult to analyze perturbations which seed all cosmic structures.
The free radial function k(r) can be adjusted to account for the observational
data of the magnitude-redshift relation. Thus, other observations are needed to dis-
tinguish LTB cosmological models from the CDM model. A number of papers for
this purpose have appeared, giving constraints from various observations including
the CMB acoustic peaks [32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43], the present
Hubble parameter H0 [34, 35, 37, 38, 40], the BAO scale of the galaxy correla-
tions [34, 44, 45], the kinematic Sunyaev-Zeldovich (kSZ) eect [46, 47, 48, 49, 50, 51]
and others [52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71,
72, 73]. Constraints arising from a combination of these observations have also been
discussed [34, 35, 37, 38, 40, 45]. It is notable that observational results of the kSZ
eect ruled out a simple LTB cosmological model, which assumes the homogeneous
Big-Bang time and the adiabatic perturbation scenario. However, LTB cosmolog-
ical models with non-adiabatic (isocurvature) perturbations or the inhomogeneous
Big-Bang time have not yet been ruled out from the observations mentioned above.
Therefore, further studies testing LTB cosmological models are needed. Future ob-
servations of the cosmological redshift drift are expected to give strong constraints on
a wide class of LTB cosmological models, including models with the inhomogeneous
Big-Bang time and with the isocurvature mode [8, 74, 75].
huge void model
It is worthwhile to review a huge void model that is the most popular model among
the non-Copernican cosmological models proposed as an alternative to Dark Energy.
A huge void model assumes that we are living close to the center in a nonlinear huge
void of which size is about 1Gpc. This model is induced from a LTB cosmological
model which assumes the simultaneous Big-Bang time and is consistent with the
SNIa observations (we will see it in Chap. 2). Here, let's see a few philosophical
questions concerning a huge void universe model. First, one may ask how does the
inationary scenario produce such a nonlinear huge void. One possible origin is
that the void exists as a rare and large amplitude perturbation within the primor-
dial Gaussian random eld produced during ination. Then, one may ask why are
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we living very close to a center of the void. One possible explanation for this is
given from highly speculative quantum cosmological ideas [76]. Apart from these
questions, it is important to develop consistency tests of the homogeneity based on
observations rather philosophical objections.
LTB cosmological model
Recently, some papers have appeared studying a LTB cosmological model, which
contains the cosmological constant  and the spherically symmetric dust [77, 78].
These studies try not to give an alternative explanation for dark energy, but to
investigate a systematic error arising from a non-Copernican inhomogeneity on the
equation of state for dark energy. It is important to test the LTB model by using
various observations, in order to construct precision and accurate cosmology that
eliminates the systematic error coming from the inhomogeneity and determines the
cosmological parameters with higher accuracy than before.
1.3 Cosmic structure formation as a test of cos-
mological models
As we saw in the previous section, the background dynamics of non-Copernican cos-
mological models has been studied well. Accordingly, various observational quanti-
ties which are determined from the background dynamics have been used in testing
these models. However, the growth of perturbations in the non-Copernican models
has not been fully studied, and hence observational quantities involved in the cosmic
structure formation have not been adequately considered as a test of these models.
In this thesis, in order to develop a test of the Copernican Principle by using obser-
vations of the cosmic structure formation, we study the evolution of uctuations in
the LTB cosmological model.
Many observational results on the cosmic structure formation have been com-
pared with the prediction of cosmological perturbation theory in the homogeneous
and isotropic FLRW models. In this section, we review a few observations, includ-
ing the Baryon Acoustic Oscillation (BAO) scales, the Redshift Space Distortions
(RSD) and the gravitational weak lensing, which have given constraints for the cos-
mological parameters. Then, we discuss a possibility to test the non-Copernican
cosmological models by using these observations.
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1.3.1 Baryon Acoustic Oscillations
Before the last scattering, the tightly coupled photon-baryon plasma oscillates un-
der the competing eects of gravitational collapse and radiation pressure. This is
called the Baryon Acoustic Oscillations (BAO), and the imprint of BAO scales have
observed in the galaxy clustering. In the study of the FLRW universes, the BAO
scale is used as a standard ruler, which is an object of a known size at dierent red-
shifts. This is because that the BAO scale at the decoupling time is predicted via
well-understood linear perturbation theory in the pre-decoupling era, and after the
decoupling the comoving BAO scale is frozen that is justied by linear perturbation
theory after the decoupling epoch. Thus, by observing the BAO scales at dierent
redshifts, we can determine the history of volume expansion in the universe.
Figure 1.1: Measurements of a distance-redshift relation using the BAO standard
ruler from SDSS-LRG and WiggleZ analysis (From Blake et al. [79]). The results
are compared to a ducial at CDM cosmological model with the matter density

M = 0:27.
Fig. 1.1 shows measurements of an averaged distance DV and the redshift z
relation by observing the BAO scales at dierent redshifts [79], where DV(z) is
dened from the angular distance DA(z) and the Hubble function H(z) as DV(z) =
[(1+z)2DA(z)
2(cz=H(z))]1=3. From g. 1.1, we can see that the observational results
are consistent with a concordant CDM model with 
M = 0:27, where 
M is a
cosmological parameter of the matter density. The BAO observations have given a
strong constraint for the cosmological parameters.
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In the case of the LTB cosmological models, it is not clear whether the BAO scale
should be considered as a standard ruler. In other words, it is not clear whether
the comoving BAO scales in the LTB models are frozen after the decoupling. This
is because that the growth rate of structures in the LTB models can be dierent
at dierent places, and consequently the evolution of the BAO scales can dier
from that of the volume expansion of the background LTB spacetime. We need a
knowledge of perturbations to reveal this, and will discuss it in Chap. 5.
1.3.2 Redshift Space Distortions
In redshift surveys of galaxy distributions, positions of galaxies are specied by
the redshift that contains the cosmological redshift and the peculiar velocities of
each galaxies. In the study of the FLRW universes, it is known that the peculiar
velocities distort the clustering pattern of galaxies which is called as Redshift Space
Distortions (RSD) [80]. The RSD on the linear power spectrum and on the linear
two-point correlation function have been investigated by cosmological perturbation
theory in the FLRW models (for review, see Ref. [81]). Since the growth of peculiar
velocities of linear perturbations signicantly depends on the background dynamics,
we can use observations of RSD for major issues in observational cosmology, such as
determining the cosmological parameters, testing various dark energy models and
testing General Relativity at cosmological scales.
Fig. 1.2 shows observational results on f(z)8(z) [82] by measuring the RSD,
where f(z) is the growth rate of the matter density uctuations and 8(z) is the
rms amplitude of the mass uctuations at the comoving scale 8h 1Mpc (h is the
normalized Hubble constant dened as H0 = 100h kms
 1Mpc 1). The solid lines
denote f(z)8(z) for dark energy models with c
2
s = 1 and (a)w =  1:2, (b)w =  1,
(c)w =  0:8, (d)w =  0:6, (e)w =  0:4, respectively, where w and c2s are the
parameters for dark energy and dened as w = p= and c2s = p=. From g. 1.2,
we can see that the observational results of the RSD have given constraints for a
nature of dark energy.
In order to apply these observational data to the LTB cosmological models,
we have to solve perturbation equations in the LTB background. We will solve
perturbations and show that the two-point correlation function in the LTB model
has a distortion in the real space and its eect appears in the observations of the
RSD in Chap. 4.
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Figure 1.2: Measurements of f(z)8(z) versus z from the current RSD data; 2dF-
GRS, SDSS LRG, WiggleZ, BOSS CMASS and 6dFGRS (From Tsujikawa-Felice-
Alcaniz [82]). The solid lines denote f(z)8(z) for dark energy models with c
2
s = 1
and (a)w =  1:2, (b)w =  1, (c)w =  0:8, (d)w =  0:6, (e)w =  0:4, respectively.
1.3.3 Weak gravitational lensing
Galaxy images are slightly distorted due to the bending of the light by the interven-
ing large-scale structure. This eect is known as the weak gravitational lensing, and
has become one of the principal probes of the FLRW cosmologies. The statistics
of the weak lensing is usually described by the two-point correlation functions of
the ellipticity of the galaxy images. The observed ellipticity correlation functions
can be separated into two independent components, an E-mode and B-mode, which
correspond to curl-free and divergence-free of the shear eld. These components
directly reect gravitational elds of the large-scale structure, and their values can
be predicted by cosmological perturbation theory in the FLRW models. As a result
of perturbation theory, it is known that the weak lensing E-mode is produced by a
scalar mode (Newtonian potential) of perturbations, and the B-mode by vector and
tensor modes of perturbations. Since the vector and tensor modes do not contain
the growing mode, the B-mode should be zero at late times. By contrast, observa-
tions of the E-mode can give a constraint for the cosmological parameters, since the
growth of scalar perturbations strongly depends on the background dynamics.
Fig 1.3 shows cosmological constraints from weak gravitational lensing data,
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adopted from Canada-France-Hawaii Telescope Legacy Survey (From Fu et al. [83]).
Upper panel shows that measurements of the E- and B- modes of the shear corre-
lation functions, where lled circles denote observations of the E-mode and open
circles the B-mode. We can see that B-modes are consistent with zero. Lower panel
shows that likelihood contours (1) from the observed shear correlation functions in
the 
M-8 plane. From g. 1.3, we can see that the weak lensing survey have given
constraints for the cosmological parameters.
In the case of the LTB cosmological models, we expect that the growth rate of
the gravitational potential can depend on the positions, and thus the weak lensing
E-modes may signicantly dier from those in the FLRW models. We also note
that it is not clear whether the B-modes vanish in the LTB models. We will solve
perturbations in the LTB models, and discuss these issues in Chap. 5.
1.4 Perturbations in Lema^tre-Tolman-Bondi cos-
mological model
We have to solve perturbation equations in the LTB cosmological models to predict
the observations of large-scale structures reviewed in the previous section. Unfortu-
nately, it is quite dicult to solve perturbations in the LTB cosmological models.
This is because that the isometries in the LTB spacetime are less than those in the
homogeneous and isotropic FLRW universe. Although master equations for pertur-
bations for general spherically symmetric spacetimes have been derived a long time
ago [84], these equations for the LTB solution cannot be reduced to ordinary dier-
ential equations. This is a very dierent situation from the case of the homogeneous
and isotropic universe.
Recently, some papers have appeared [60, 85, 86, 87, 88, 89, 90] studying per-
turbations and related observations in the LTB cosmological models. Zibin [90] and
Dunsby-Goheer-Osano-Uzan [60] solved perturbations by using a \silent approxima-
tion" that neglects the magnetic part of the Weyl tensor. However, we should note
that the magnetic part of the Weyl tensor usually plays an important role even in
Newtonian situations [91]. Clarkson-Clifton-February [87] classied perturbations
into the \scalar", \vector" and \tensor" degrees of freedom by taking the limit to
FLRW models, and solved perturbation equations by neglecting the \vector" and
\tensor" modes. However, in the case of LTB spacetimes, the vector and tensor
modes couple to the scalar mode in general. We will discuss this issue in Chap. 3.
Alonso et al. [86] performed numerical simulations for non-Copernican models in-
cluding only cold dark matter. They studied the perturbed Einstein-deSitter uni-
9
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Figure 1.3: Cosmological constraints from weak lensing data, adopted from Canada-
France-Hawaii Telescope Legacy Survey (From Fu et al. [83]). Upper panel: mea-
surements of the E-mode (lled circles) and B-mode (open circles) of the shear
correlation functions. B modes are consistent with zero. Lower panel: Likelihood
contours (1) from the observed shear correlation functions (upper panel) in the

M-8 plane.
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verse with two kinds of perturbations: one forms a spherical void, and the other
is a non-spherical perturbation with a random phase Gaussian probability distri-
bution. They followed the growth of these perturbations using Newtonian N -body
simulations. However, in order to conrm the validity of the numerical simulations,
analytic complementary studies are necessary. Hence, in this thesis, we propose
another complementary analytic approaches for solving perturbations.
Some authors studied a test of LTB cosmological models from observations of the
BAO scales such as SDSS-LRG and WiggleZ (see g. 1.1) by applying a \geometric
approximation" that assumes the BAO scale is stretched by the background cosmic
expansion. The geometric approximation is justied by perturbation theory in the
case of FLRW universes. However, in the case of LTB models, we need a knowledge
of perturbation theory to clarify whether we can apply the approximation.
This thesis is organized as follows. In Chap. 2, we review the LTB spacetimes
by focusing on the cosmological applications: light propagation, physical degrees of
freedom and 1 + 3 covariant formalism. We also give a brief review on LTB cosmo-
logical models proposed by some authors as an alternative to the CDM model. In
Chap. 3, we study relativistic perturbations in the LTB cosmological models based
on our paper [92]. First we review perturbation theory in LTB spacetimes and a
previous work on solving perturbations by February, Clarkson and Maartens [88]
(FCM). Then we propose our approximation scheme which is essentially based on
a linearization of the LTB background around a FLRW spacetime. We solve per-
turbation equations under the approximation, and obtain density uctuations in
the LTB cosmological models. We compare our results with the previous work by
FCM. In Chap. 4, we study stochastic properties of density perturbations in the LTB
cosmological models based on our papers [92] and [93]. First we derive two-point cor-
relation functions of density perturbations in the LTB cosmological models. Then,
by using the two-point correlation functions, we show that the galaxy clustering has
a statistical distortion due to the tidal force that exists in the LTB background. We
also study the growth rate of density perturbations in a huge void model proposed
by Clarkson and Regis, and reveal a dierence of it from the CDM model. In
Chap. 5, we study Newtonian self-gravitating system in the LTB cosmological mod-
els based on our paper in preparation [94]. First we propose a local approximation to
the LTB cosmological models by using a Fermi-normal coordinate expansion. Then
we add local inhomogeneity which represents Newtonian structures in the universe
to the approximated LTB models. By applying the Cosmological Post-Newtonian
expansion, we derive Newtonian hydrodynamical equations. We solve the derived
equations under a linear approximation, and investigate the growth rate of linear
11
density uctuations. We discuss a consistency between our approximation scheme
in Chap 3 and that in Chap. 5. Chap. 6 is devoted to summary of this thesis.
In this thesis, we use the geometrized units in which the speed of light and
Newton's gravitational constant are one, respectively. The Latin indices denote the
spatial components, whereas the Greek indices represent the spacetime components.
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Chapter 2
Lema^tre-Tolman-Bondi (LTB)
spacetime as non-Copernican
cosmological model
We describe non-Copernican cosmological model by using Lema^tre-Tolman-Bondi
(LTB) spacetime throughout this thesis. In x 2.1 we review LTB spacetime from
a cosmological point of view concerning light propagation, physical degrees of free-
dom and 1+3 covariant approach. In x 2.2 we review LTB cosmological models
which account for the cosmological observations without introducing dark energy,
by focusing on the time evolution of the energy density and the volume expansion.
2.1 LTB spacetime
2.1.1 Derivation of LTB solution
LTB spacetime [9, 10, 11] is an exact solution of the Einstein equations and describes
the motion of spherically symmetric dust. In general, the line element and the stress-
energy tensor of spherically symmetric spacetimes for dust, in the synchronous-
comoving coordinate, can be written as
ds2 =  dt2 +X2(t; r)dr2 +R2(t; r)  d2 + sin2 d2 ; (2.1)
T  = (t; r)uu ; (2.2)
where X(t; r) and R(t; r) are functions of the time and radial coordinates, and
(t; r) and u = (1; 0; 0; 0) are the energy density and the 4-velocity of the dust,
respectively. By substituting Eqs. (2.1) and (2.2) into the Einstein equations G =
13
8T , independent dierential equations are obtained as
 2 @
2
rR
RX2
+ 2
(@rR)(@rX)
RX3
+ 2
(@tR)(@tX)
RX
+
1
R2
+

@tR
R
2
 

@rR
RX
2
  8G = 0; (2.3)
@t@rR
@rR
  @tX
X
= 0; (2.4)
2
@2tR
R
+
1
R2
+

@tR
R
2
 

@rR
RX
2
= 0: (2.5)
By solving Eq. (2.4), we obtain
X(t; r) =
@rR(t; r)p
1  k(r) ; (2.6)
where k(r) is an arbitrary function of the radial coordinate, and is called as the
curvature function. By substituting Eq. (2.6) into Eq. (2.5) and by integrating
Eq. (2.5) with respect to the time coordinate, we obtain
@tR(t; r)
R(t; r)
2
=
M(r)
R3(t; r)
  k(r)
R2(t; r)
; (2.7)
where M(r) is an arbitrary function of the radial coordinate, and is called as the
mass function. By substituting Eqs. (2.6) and (2.7) into Eq. (2.3), the energy density
is described as
8G(t; r) =
1
R2(t; r)@rR(t; r)
dM(r)
dr
: (2.8)
Here, it should be noted that M(r)=2 coincides with the Misner-Sharp mass that is
the quasi-local mass naturally introduced into the spherically symmetric spacetime.
By integrating Eq. (2.7), we obtain
R(t; r) = (3M(r))1=3(t  tB(r))2=3S(x); (2.9)
where tB(r) is an arbitrary function of r called as the Big-Bang time function, x is
dened by
x := k(r)

t  tB(r)
3M(r)
2=3
; (2.10)
and, by dening  as
x =:
8>><>>:
 (sinhp   p )2=3
62=3
for x < 0;
(
p
   sinp)2=3
62=3
for x > 0;
(2.11)
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the function S(x) is given by
S(x) =
8>>><>>>:
cosh
p    1
61=3(sinh
p   p )2=3 for x < 0;
1  cosp
61=3(
p
   sinhp)2=3 for x > 0;
(2.12)
and S(0) = (3=4)1=3. From Eqs. (2.6), (2.8) and (2.9), we can see that the LTB
spacetime are determined by three arbitrary functions: k(r), M(r) and tB(r). One
of them is a gauge degree of freedom for rescaling of the radial coordinate, and the
remaining two functions represent physical degrees of freedom which correspond to
the growing and the decaying modes (we will see it later in this section).
For later convenience, we rewrite the LTB spacetime in a cosmological form
similar to the FLRW spacetime. The line element (2.1) together with Eq. (2.6) can
be described as
ds2 =  dt2 + (@rR(t; r))
2
1  k(r) dr
2 +R2(t; r)
 
d2 + sin2 d2

; (2.13)
:=  dt2 + a
2
jj(t; r)
1  k(r)dr
2 + a2?(t; r)r
2
 
d2 + sin2 d2

; (2.14)
where we dened ajj(t; r) and a?(t; r) as the radial and azimuthal scale factors.
Then, we dene the radial and azimuthal Hubble rates as
Hk(t; r) :=
@tajj(t; r)
ajj(t; r)
and H?(t; r) :=
@ta?(t; r)
a?(t; r)
; (2.15)
and the density-parameter function as

M(r) :=
M(r)
H2?(t0; r)a
3
?(t0; r)
; (2.16)
where t0 denotes the present time. By using Eqs. (2.14), (2.15) and (2.16), we can
rewrite Eq. (2.7) in a form similar to the Friedmann equation:
H2?(t; r) = H
2
?(t0; r)
"

M(r)

a?(t0; r)
a?(t; r)
3
+ (1  
M(r))

a?(t0; r)
a?(t; r)
2#
: (2.17)
Here, we also denote two useful relations from Eqs. (2.3){(2.5) as
1
3
@2t ak(t; r)
ak(t; r)
+
2
3
@2t a?(t; r)
a?(t; r)
=  4
3
(t; r); (2.18)
@
@t
(t; r) +
 
Hk(t; r) + 2H?(t; r)

(t; r) = 0: (2.19)
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We will use the equations (2.18) and (2.19) in Chap. 5.
To see the inhomogeneity of the LTB cosmological models, we dene the density
contrast as
(t; r) :=
(t; r)  (t; 0)
(t; 0)
: (2.20)
Similarly, we dene the Hubble contrasts with respect to the parallel and the trans-
verse direction of the line of sight as
Hp(t; r) :=
Hjj(t; r) Hjj(t; 0)
Hjj(t; 0)
; and Ht(t; r) :=
H?(t; r) H?(t; 0)
H?(t; 0)
: (2.21)
where we note that Hjj(t; 0) = H?(t; 0) is satised due to the spherical symmetricity.
We also dene the normalized shear which represents the local anisotropy of the
volume expansion as
(t; r) :=
Hjj(t; r) H?(t; r)
Hjj(t; r) + 2H?(t; r)
: (2.22)
The quantities f;Hp;Ht;g characterize the LTB cosmological models, and
all of them vanish in the limit to the homogeneous and isotropic FLRW models.
2.1.2 Light propagation in LTB spacetime
Basically, an observer can observe only on his/her past light cone through elec-
tromagnetic radiation1. Hence, in the case of non-Copernican cosmological model
described by LTB spacetime, it is useful to consider quantities on the light cone of an
observer who stays at the symmetry center of LTB spacetime at present. Hereafter,
for simplicity, we call the observer who stays at the symmetry center at present \the
central observer", and the past light cone of the central observer is denoted by lc.
From the symmetry of the situation, it is clear that the light from the central
observer can travel radially, that is, there exist geodesics with d = d = 0. Thus,
the tangent vector of the past-directed outgoing radial null geodesics, k, is given
as
k =

dt
d
;
dr
d
; 0; 0

; (2.23)
1The past light cone of an observer at the event p is dened by the boundary of the causal
past of p, which is usually denoted by _J (p) in general relativity. Strictly speaking, the observer
can see the inside of the light cone through a congruence of the light rays which have experienced
caustics caused by gravitational lens eects or scattering due to electromagnetic interactions in the
real universe.
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where  is the ane parameter. The cosmological redshift z is dened by
z =
ukjsource
ukjobserver
  1; (2.24)
where ukjsource and ukjobserver are the values of the frequency at the time of the
emission of a photon and that of the detection by the central observer, respectively.
By using the cosmological redshift z instead of the ane parameter  and by using
Eq. (2.13), the geodesic equations k;k
 = 0 for the generator of the past light cone
lc are given by
dr
dz
=
p
1  k(r)
(1 + z)@t@rR(t; r)
; (2.25)
dt
dz
=   @rR(t; r)
(1 + z)@t@rR(t; r)
: (2.26)
We can obtain the light propagation by solving the above equations in a given LTB
model. We denote the solution of the above equations by
t = tlc(z) and r = rlc(z): (2.27)
The angular diameter distance for the central observer is given as
dA(z) = R (tlc(z); rlc(z)) : (2.28)
In general, the luminosity distance is related to the angular diameter distance as
dL(z) = (1 + z)
2dA(z) and thus we have
dL(z) = (1 + z)
2R (tlc(z); rlc(z)) : (2.29)
2.1.3 Physical degrees of freedom of LTB spacetime
As we shown in the section, LTB spacetime has three free radial functions, k(r),
M(r) and tB(r), and one is the gauge degree of freedom and the others describe
physical degrees of freedom. In this subsection, we clarify the physical meaning of
the two free functions by considering a situation, where LTB spacetime is very close
to the Einstein de-Sitter (EdS) universe model.
First of all, we review density perturbations in the EdS universe model. The
evolution of linear density perturbation, in the synchronous comoving gauge, in the
EdS universe is given by
 =
  EdS
EdS
= t2=3+(x) + t 1 (x); (2.30)
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where  is the energy density in the perturbed universe, and EdS is the energy
density in the EdS background and described as EdS / t 2. We note that + and
  represent physical degrees of freedom in the perturbed universe, and are known
as the growing and decaying mode, respectively.
Vanishing decaying mode
We consider a LTB spacetime with tB(r) = 0, and expand the spacetime around
t! 0. In the situation, the function x dened in Eq. (2.10) satises
x = k(r)

t
3M(r)
2=3
 1; (2.31)
and accordingly the function S(x) dened in Eq. (2.12) can be expanded as
S(x) =

3
4
1=3 "
1  3
5

3
4
1=3
x+O(x2)
#
: (2.32)
By using Eqs. (2.31) and (2.32) together with Eq. (2.9), the metric function R(t; r)
is expanded as
R(t; r) =

9
4
M(r)
1=3
t2=3
"
1  9
20
k(r)

9
4
M(r)
 1
t2=3 +O(t4=3)
#
: (2.33)
By substituting Eq. (2.33) into Eq. (2.8), we obtain
LTB(t; r) =
1
6t2

1 +
1
5

k(r)
M(r)
+ 3
dk(r)=dr
dM(r)=dr

t2=3 +O(t4=3)

: (2.34)
From Eq. (2.34), we can see that the density of the LTB spacetime approaches to
that of the EdS universe near t! 0 as
LTB ! 1
6t2
=: : (2.35)
Then, by using Eqs. (2.34) and (2.35), we obtain the density perturbation of the
LTB spacetime near t! 0 as
LTB :=
LTB   

=
1
5

k(r)
M(r)
+ 3
dk(r)=dr
dM(r)=dr

t2=3 +O(t4=3): (2.36)
Comparing Eq. (2.36) with Eq. (2.30), we can see that the LTB spacetime with
tB(r) = 0 does not have the decaying mode at suciently early times, where the
spacetime can be treated as a linear perturbation from the EdS universe model.
Thus, we conclude that the radial free function tB(r) corresponds to the decaying
mode.
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Vanishing growing mode
We consider a LTB spacetime with k(r) = 0, and expand the spacetime around
t ! 1. From k(r) = 0 and Eq. (2.10), we can see that x = 0 is satised. As a
result, the metric function R(t; r) given in Eq. (2.9) is described as
R(t; r) =

9
4
M(r)
1=3
(t  tB(r))2=3 : (2.37)
By using Eq. (2.37) and by introducing an expansion parameter tB(r)=t, the energy
density dened in Eq. (2.8) can be expanded around t!1 as
LTB(t; r) =
1
6t2

1 +

2tB(r) +
3
2
M(r)
dM(r)=dr
dtB(r)
dr

t 1 +O (tB=t)2

: (2.38)
From Eq. (2.38), we can see that the density of the LTB spacetime approaches to
that of the EdS universe near t!1 as
LTB ! 1
6t2
=: : (2.39)
Then, by using Eqs. (2.38) and (2.39), we obtain the density perturbation of the
LTB spacetime near t!1 as
LTB :=
LTB   

=

2tB(r) +
3
2
M(r)
dM(r)=dr
dtB(r)
dr

t 1 +O (tB=t)2 : (2.40)
Comparing Eq. (2.40) with Eq. (2.30), we can see that the LTB spacetime with
k(r) = 0 does not have the growing mode at suciently late times, where the
spacetime can be treated as a linear perturbation from the EdS universe model.
Thus, we conclude that the radial free function k(r) corresponds to the growing
mode.
2.1.4 1+3 covariant approach to LTB spacetime
In the Ellis's 1+3 covariant formalism (see, for reviews [95, 96, 97, 98]), every quan-
tity has a natural interpretation in terms of fundamental worldlines with the fun-
damental 4-velocity u, where uu
 =  1. In this subsection, we describe the LTB
spacetime in terms of a set of fundamental quantities of the 1+3 formalism. This
will be helpful in discussing Newtonian self-gravitating system in LTB cosmological
model in Chap. 5.
The basic tensor is P := g +uu , and the fundamental kinematic quantities
are given as
u; =
1
3
P +  + !   au ; (2.41)
19
where ; denotes covariant derivative, and ,  , ! and a are known as the
expansion, shear, twist and acceleration of the congruence of worldlines and are
dened as
 := P u; ;  :=

P (P

)  
1
3
P P

u;; ! := P

[P

]u;; a := u;u
:
As for the gravitational eld, the electric, E , and the magnetic, B , parts of the
Weyl tensor, C, are dened as
E := uuC; H := uu C; (2.42)
where  denotes the Hodge dual and dened as C :=  12(C ), where
we have used the fully antisymmetric tensor  := ( g)1=2[] with the de-
terminant of g , g, and the completely antisymmetric Levi-Civita symbol, [],
dened by [0123] = +1. The energy-momentum tensor of a general uid can be
decomposed into its irreducible parts as
T = uu + pP + 2q(u) +  ; (2.43)
where , p, q and  are the matter enrgy density, the eective isotropic pressure of
the uid, the total energy-ux vector and the symmetric and trace-free anisotropic
stress tensor, and are dened as
 = Tu
u ; p =
1
3
TP
 ; q =  P Tu;  =

P (P

)  
1
3
P P

T:
A set of quantities, f;  ; ! ; a; E ;B ; ; p; q; g, completely characterizes a
spacetime in the 1+3 covariant formalism.
By choosing u as the dust 4-velocity u = (1; 0; 0; 0), we compute a set of
quantities, f;  ; ! ; a; E ;B ; ; p; q; g, in the LTB spacetime. By using
Eq. (2.14), we obtain
 = Hjj(t; r) + 2H?(t; r); (2.44)
  =
0BBB@
0 0 0 0
0 2
3
 
Hjj(t; r) H?(t; r)

0 0
0 0  1
2
r r 0
0 0 0  1
2
r r
1CCCA ; (2.45)
! = a = 0,
E  =
0BBBB@
0 0 0 0
0 2
3

@2t ajj
ajj
  @2t a?
a?

0 0
0 0  1
2
Er r 0
0 0 0  1
2
Er r
1CCCCA ; (2.46)
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B = 0,  = (t; r) and p = q =  = 0. From Eq. (2.45), we can see the shear
eld represents the anisotropy of the local volume expansion which vanishes in the
FLRW limit. From Eq. (2.46), we can see that there exists the electric part of the
Weyl tensor in the LTB spacetime which represents the tidal force, whereas there
is no tidal force in the homogeneous and isotropic FLRW universes. We also note
that the twist ! and the magnetic part B are zero in the LTB spacetime same
as to the case of FLRW universes.
2.2 LTB cosmological models as an alternative to
Dark Energy
2.2.1 Clarkson-Regis model
We consider a LTB cosmological model given by Clarkson and Regis [36], which
we call the Clarkson-Regis (CR) model. The CR model can explain the SNIa data
and peak positions of the uctuations in the CMB radiation. The CR model has
the uniform big-bang time tB(r) = 0, and the gauge condition is chosen so that
R(t0; r) = r. In the uniform big-bang model, one functional degree of freedom to
specify the model remains. In the CR model, this degree of freedom is xed so that
the density-parameter function dened in Eq (2.16) is given by

M(r) = 

(out)
M   (
(out)M   
(in)M )e r
2=(22); (2.47)
where 

(out)
M = 0:7, 

(in)
M = 0:242 and  = 6Gpc. The Hubble constant at the center
is chosen as H?(t0; 0) = 74kms 1Mpc 1.
In g. 2.1, we plot the density contrasts (t; r) dened in Eq. (2.20) in CR
model on the spacelike hypersurfaces for t = tlc(100), t = tlc(1) and t = t0, as
functions of r. Here, we have used the cosmological redshift z to specify each
constant time hypersurface given by t = tlc(z). We can see that the CR model has
a void structure which grows with time. The void size is about 12Gpc, and the
vicinity of the center is locally the dust lled FLRW model with the cosmological
density parameter 
M = 0:242, whereas the asymptotic region is almost the same as
the dust lled FLRW model with 
M = 0:7. We can also see that the void structure
becomes non-linear at the present time, that is, the density contrast exceeds 1 at t0.
In g. 2.2, we plot the Hubble contrasts, Hp(t; r) and Ht(t; r) dened in Eq. (2.21),
in CR model on the spacelike hypersurfaces for t = tlc(100), t = tlc(1) and t = t0, as
functions of r. We can see both Hp and Ht grow with time grows. The Hubble
functions at the center is larger than those at o central region, since the matter
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Figure 2.1: Density contrasts (t; r) in CR model on the spacelike hypersurfaces
for t = tlc(100), t = tlc(1) and t = t0, as functions of r.
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Figure 2.2: Hubble contrasts, Hp(t; r) and Ht(t; r), in CR model on the spacelike
hypersurfaces for t = tlc(100), t = tlc(1) and t = t0, as functions of r.
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density at the center is least. In g. 2.3, we plot the normalized shear, (t; r)
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Figure 2.3: The normalized shear, (t; r), in CR model on the spacelike hypersur-
faces for t = tlc(100), t = tlc(1) and t = t0, as functions of r.
dened in Eq. (2.22), in CR model on the spacelike hypersurfaces for t = tlc(100),
t = tlc(1) and t = t0, as functions of r. We can see that the normalized shear grows
as time grows, and this means the anisotropy of the expansion at o central region
becomes important at late time. From g. 2.3, we can also see that the peak position
of the normalized shear is located around the edge of the void structure.
2.2.2 Yoo-Kai-Nakao model
We consider a LTB cosmological model proposed by Yoo, Kai and Nakao [30], which
we call the Yoo-Kai-Nakao (YKN) model. The YKN model assumed the simultane-
ous big bang, i.e., tB(r) = 0, and xed the gauge condition by setting
M(r)
2
=
4
3
(t0; 0)r
3; (2.48)
where the present matter density (t0; 0) is related to the present Hubble and the
curvature function as
H2(t0; 0) +
k(r)
r2

r=0
c2 =
8G
3
(t0; 0): (2.49)
The remaining function, k(r) was determined so that the distance-redshift relation
of YKN model agrees with that of the concordance CDM model with (
m0;
0) =
(0:3; 0:7). The tting function is given as
~k(~r) =
0:545745
0:211472 +
p
0:026176 + ~r
  2:22881
(0:807782 +
p
0:026176 + ~r)2
; (2.50)
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where ~r and ~k are dened as
~r :=
H(t0; 0)r
c
; ~k(~r) :=
k(r)c2
H2(t0; 0)r2
: (2.51)
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Figure 2.4: Density contrasts (t; r) in YKN model on the spacelike hypersurfaces
for t = tlc(100), t = tlc(1) and t = t0, as functions of r.
In g. 2.4, we plot the density contrasts (t; r) dened in Eq. (2.20) in YKN
model on the spacelike hypersurfaces for t = tlc(100), t = tlc(1) and t = t0, as
functions of r. We can see that the YKN model has a void structure which grows
with time. The void size is about 2H0r=c, and the vicinity of the center is locally
the dust lled FLRW model with the cosmological density parameter 
M ' 0:1,
whereas the asymptotic region is almost the same as the dust lled FLRW model
with 
M = 1:0. We can also see that the void structure becomes non-linear at
suciently early times. In g. 2.5, we plot the Hubble contrasts, Hp(t; r) and
Ht(t; r) dened in Eq. (2.21), in YKN model on the spacelike hypersurfaces for
t = tlc(100), t = tlc(1) and t = t0, as functions of r. We can see both Hp and Ht
grow with time grows. The Hubble functions at the center is larger than those at
o central region, since the matter density at the center is least. In g. 2.6, we plot
the normalized shear, (t; r) dened in Eq. (2.22), in YKN model on the spacelike
hypersurfaces for t = tlc(100), t = tlc(1) and t = t0, as functions of r. We can see
that the normalized shear grows as time grows. From g. 2.6, we can also see that
the peak position of the normalized shear is located around the edge of the void
structure.
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Figure 2.5: Hubble contrasts, Hp(t; r) and Ht(t; r), in YKN model on the spacelike
hypersurfaces for t = tlc(100), t = tlc(1) and t = t0, as functions of r.
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Figure 2.6: The normalized shear, (t; r), in YKN model on the spacelike hyper-
surfaces for t = tlc(100), t = tlc(1) and t = t0, as functions of r.
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2.2.3 Garcia-Bellido and Haugblle model
We consider a LTB cosmological model proposed by Garcia-Bellido and Haugblle [37],
which we call the Garcia-Bellido and Haugblle (GBH) model. The GBH model has
the uniform big-bang time tB(r) = 0, and the gauge condition is chosen so that
R(t0; r) = r. In the uniform big-bang model, one functional degree of freedom to
specify the model remains. In the GBH model, this degree of freedom is xed so
that the density-parameter function dened in Eq (2.16) is given by

M(r) = 
out + (
in   
out)

1  tanh[(r   r0)=2r]
1 + tanh[r0=2r]

; (2.52)
where 
out = 1:0, 
in = 0:13, r0 = 2:5Gpc, r = 0:64r0 andH(t0; 0) = 56kms
 1Mpc 1.
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Figure 2.7: Density contrasts (t; r) in GBH model on the spacelike hypersurfaces
for t = tlc(100), t = tlc(1) and t = t0, as functions of r.
In g. 2.7, we plot the density contrasts (t; r) dened in Eq. (2.20) in GBH
model on the spacelike hypersurfaces for t = tlc(100), t = tlc(1) and t = t0, as
functions of r. We can see that the GBH model also has a void structure which grows
with time. The void size is about 0:5H0r=c, and the vicinity of the center is locally
the dust lled FLRW model with the cosmological density parameter 
M = 0:13,
whereas the asymptotic region is almost the same as the dust lled FLRW model
with 
M = 1:0. We can also see that the void structure becomes non-linear before
the present time. In g. 2.8, we plot the Hubble contrasts, Hp(t; r) and Ht(t; r)
dened in Eq. (2.21), in GBH model on the spacelike hypersurfaces for t = tlc(100),
t = tlc(1) and t = t0, as functions of r. We can see both Hp and Ht grow with
time grows. The Hubble functions at the center is larger than those at o central
region. In g. 2.9, we plot the normalized shear, (t; r) dened in Eq. (2.22), in
GBH model on the spacelike hypersurfaces for t = tlc(100), t = tlc(1) and t = t0, as
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Figure 2.8: Hubble contrasts, Hp(t; r) and Ht(t; r), in GBH model on the spacelike
hypersurfaces for t = tlc(100), t = tlc(1) and t = t0, as functions of r.
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Figure 2.9: The normalized shear, (t; r), in GBH model on the spacelike hyper-
surfaces for t = tlc(100), t = tlc(1) and t = t0, as functions of r.
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functions of r. We can see that the normalized shear grows as time grows. From
g. 2.9, we can also see that the peak position of the normalized shear is located
around the edge of the void structure. From gs. 2.3, 2.6 and 2.9, we expect that the
feature about the peak position of the shear commonly appears in LTB cosmological
models with a huge void structure.
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Chapter 3
Relativistic perturbations in LTB
cosmological model
As shown in the previous chapter, most of LTB cosmological models which account
for the observations have a huge void structure that becomes nonlinear at the present
time. However, Enqvist et al. [61] pointed out that the void inhomogeneity remains
in a quasi-linear regime  O(0:1) inside a past light-cone of an observer at the
center of the void. Actually, they considered an isotropic linear perturbation in the
Einstein-deSitter universe that is consistent with the SNIa data, and showed that
the fraction of the isotropic linear perturbation does not exceed 30% inside the past
light-cone. This result implies that LTB cosmological models compatible with the
observed distance-redshift relation may be studied by perturbation theory for the
homogeneous and isotropic universe lled with dust at least for the inside of the past
light-cone of the central observer. In this chapter, we apply this idea in studying
relativistic perturbations in LTB cosmological models.
In x 3.1, we derive linear perturbation equations in LTB spacetimes, and review a
previous work by February,Clarkson and Maartens [88] (FCM). In x 3.2, we consider
a linearization of LTB cosmological model. We show that the CR void model which is
originally described by LTB solution can be approximated to a dust-FLRW universe
with an isotropic linear perturbation. In x 3.3, we analyze relativistic perturbations
in the linearized LTB model and obtain density perturbations based on second order
perturbations in a dust-FLRW background spacetime based on our papers [92] and
[93]. In x 3.4, we compare our results with the previous work by FCM.
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3.1 Perturbation equations in LTB cosmological
model
3.1.1 Derivation of perturbation equations based on a spher-
ical harmonic expansion
We review linear perturbations on LTB spacetime. Because of the spherical sym-
metricity of LTB spacetime, perturbations on LTB spacetime can be decoupled into
two independent modes, called polar and axial modes (for details, see [87]). We
are interested in the evolution of the density perturbations, and we focus on the
polar mode. The innitesimal world interval of the perturbed spacetime, in the
Regge-Wheeler (RW) gauge, is written as
ds2 =   [1 + (2~   ~  ~')] dt2   2 ~&ajj(t; r)p
1  k(r)dtdr
+ [1 + (~+ ~')]
a2jj(t; r)
1  k(r)dr
2 + a2?(t; r)r
2(1 + ~')d
2; (3.1)
where d
2 := d2+sin2 d2, and ~(t;x), ~(t;x), ~'(t;x) and ~&(t;x) are polar pertur-
bations and equal to , , ' and & in the paper by Clarkson, Clifton and February [87]
(hereafter CCF). The density and 4-velocity of the perturbed spacetime are given
by
 = LTB(t; r)

1 + ~

; (3.2)
u =
 
 1  1
2
(2~   ~  ~'); ajj(t; r)p
1  k(r) ~w; @~v; @'~v
!
; (3.3)
where LTB(t; r) denotes the energy density of LTB spacetime, and ~(t;x), ~w(t;x)
and ~v(t;x) are polar perturbations and equal to , w and v in the CCF. Since the
LTB spacetime has the spherical symmetricity, it is useful to expand perturbations
in terms of the spherical harmonic functions, Y (lm)(; ), as
~'(t; r; ; ) =
X
lm
~'(lm)(t; r)Y (lm)(; ); (3.4)
and ~, ~, ~&, ~, ~w and ~v are expanded in the similar forms. Here, it should be noted
that we omit the superscript in ~'(lm) as long as there is no confusion.
By substituting the expressions (3.1), (3.2) and (3.3) into the Einstein equations,
we obtain the perturbation equations as
 ~+ ~00   3Hjj _~  2W ~0
30
+
h
16LTB   6M
a3?r3
  4H?(Hjj  H?)  (l   1)(l + 2)
a2?r2
i
~
=  2(Hjj  H?)~& 0   2
h
H
0
jj   2(Hjj  H?)W
i
~& + 4(Hjj  H?) _~'
 2
h
8  3M
a3?
  2H?(Hjj  H?)
i
~'; (3.5)
~'+ 4H? _~'  2
 1
a2?r2
 W 2

~'
=  H? _~+W ~0  
h
2W 2   l(l + 1) + 2
2a2?r2
i
~+ 2W (Hjj  H?)~&; (3.6)
_~& + 2Hjj~& =  ~0 ; (3.7)
~ = 0; (3.8)
8LTB~ =   ~'00   2W ~'0 + (Hjj + 2H?) _~'+W ~0 +H? _~
+
h l(l + 1)
a2?r2
+ 2H2? + 4HjjH?   8LTB
i
(~+ ~')
 (l   1)(l + 2)
2a2?r2
~+ 2H?~&
0
+ 2(Hjj +H?)W ~&; (3.9)
8LTB ~w = ( _~')
0   (Hjj   2H?) ~'0  W _~+H? ~0
+
h l(l + 1) + 2
2a2?r2
+H2? + 2H?Hjj  W 2   4
i
~&; (3.10)
8LTB~v = _~'+
_~
2
+Hjj(~+ ~') +
~&
0
2
; (3.11)
where W (t; r) :=
p
1  k(r)=a?(t; r)r, an over-dot denotes dierentiation with re-
spect to t and a dash is dened as X
0
:=
 p
1  k(r)=ajj(t; r)

@rX. These equations
can be found in Eqs. (40){(46) in the CCF. We can see perturbation equations can-
not be reduced to ordinary dierential equations in a decoupled form. This is a
very dierent situation from that of perturbations in the homogeneous and isotropic
universe models. Since we cannot solve the perturbation equations analytically, we
need to introduce an approximation scheme to solve the equations analytically.
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3.1.2 Previous work by February, Clarkson and Maartens
(FCM)
We review the perturbation equations in LTB cosmological model that was intro-
duced in CCF and studied in a previous work by February, Clarkson and Maartens [88]
(hereafter FCM). The FCM studied perturbations by assuming
~ = ~& = 0: (3.12)
In this case, the perturbation equations (3.5){(3.11) are reduced to
~'+ 4H? _~'  2k(r)
a2?r2
~' = 0; (3.13)
4a2jj
LTB~ =  1
2
LFCM[ ~']; (3.14)
where the operator LFCM is dened as
LFCM := (1  k(r))@2r
+

2ajj
a?r
  2ajj
a?
k(r)
r
  @rk(r)
2
  (@rajj)
ajj
(1  k(r))

@r
  a
2
jj
a2?

l(l + 1)
r2

+
ajj
a?

@rk(r)
r
+
ajj
a?
k(r)
r2

  a2jj(Hjj + 2H?)@t   a2?H?(H? + 2Hjj): (3.15)
Eq. (3.13) can be solved analytically, and the evolution of the density perturbation
~ can be determined by Eq. (3.14). However, it is non-trivial issue that the pertur-
bations with the assumption Eq. (3.12) correspond to what type of perturbations in
the homogeneous and isotropic universe model. We will clarify this in x 3.4.
3.2 Linearization of LTB cosmological model
3.2.1 An isotropic linear perturbation in dust-FLRW space-
times
As mentioned, we apply linear perturbation theory in the homogeneous and isotropic
dust-FLRW universe in order to approximate the LTB cosmological models. First,
we briey give a review on the dust-FLRW universe. Using the spherical polar
coordinates for 3-dimensional space, the line-element of FLRW spacetime is given
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by
ds2 =  dt2 + a2(t)

dr2
1 Kr2 + r
2d
2

=:  dt2 + a2(t)ijdxidxj; (3.16)
where a(t) is the scale factor which will be determined by the Einstein equations, K
is constant, d
2 is the 2-dimensional round metric, and, for later convenience, we
have dened the background conformal 3-metric ij. The constant K has the same
sign as that of the curvature of the 3-dimensional space specied by t =constant.
The stress-energy tensor of dust-FLRW universe is given by
T  = FLRW(t)uu ; (3.17)
where FLRW(t) is the energy density, and u is the 4-velocity whose components are
given by u = (1; 0; 0; 0). The Einstein equations for the dust-FLRW universe are
H2 =
8
3
FLRW   K
a2
and
a
a
=  4
3
FLRW; (3.18)
where H(t) := _a=a and a dot denotes dierentiation with respect to t.
Next, we review a linear isotropic perturbation in the dust-FLRW universe. We
note that the isotropic perturbation generally contains only scalar perturbations.
Then, by choosing the synchronous comoving gauge, the line element of the per-
turbed spacetime can be written in the form
ds2 =  dt2 + a2(t)
h 
1 +  `
(1)
jj (t; r)
 dr2
1 Kr2
+

1 +  `
(1)
? (t; r)

r2d
2
i
(3.19)
=:  dt2 + a2(t)
h
ij +  `
(1)
ij
i
dxidxj; (3.20)
where we introduced a non-negative small parameter  which characterize the am-
plitude of the isotropic perturbation. The perturbed stress-energy tensor is given
by
T  = FLRW(t)
 
1 +  (1)(t; r)

uu : (3.21)
The Einstein equations of the order  lead:
(1) + 2H _(1)   4FLRW(1) = 0; (3.22)
r@r _`
(1)
? + 3 _`
(1)
? =  2 _(1); (3.23)
`
(1)
k
a2r2
=  `(1)?   3H _`(1)? +
`
(1)
?
a2r2
+
@r`
(1)
?
a2r
: (3.24)
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General solutions for Eq. (3.22) is given by
(1)(t; r) =
D+(t)
D+(t0)
+(r) +
D (t)
D (t0)
 (r); (3.25)
where
D+(t) = H
Z a(t) da
a3H3
and D (t) = H; (3.26)
and  stand for present values. D+ and D  represent the growing and decaying
modes, respectively. where  are the growing and decaying modes, respectively.
Once  are given, the metric perturbations are determined through the perturba-
tion equations as follows. By integrating Eq. (3.23) with respect to r, we obtain
r3 _`
(1)
? (t; r) =  2
Z r
0
d~r~r2 _(1)(t; ~r); (3.27)
where we used the regularity condition of _`? to x the integral function. By inte-
grating Eq. (3.27) with respect to t, we obtain
`
(1)
? (t; r) =  
2
r3
Z t
t0
d~t
Z r
0
d~r~r2 _(1)(~t; ~r) + 2
(r)
r
; (3.28)
where (r) is an integral function. By substituting Eq. (3.28) into Eq. (3.24), we
can obtain the perturbation `
(1)
jj (t; r). Here, it should be noted that we have one
degree of freedom to rescale the radial coordinate r. Under the gauge transformation
r ! r + (r), the metric perturbations transform as
`
(1)
jj (t; r)! `(1)jj (t; r)  2
d
dr
(r); and `
(1)
? (t; r)! `(1)? (t; r)  2
(r)
r
; (3.29)
and the density perturbation is invariant: (1) ! (1).
3.2.2 Comparison with an exact LTB solution
In the case of a LTB cosmological model with homogeneous Big-Bang time tB(r) = 0,
the spacetime at early time can be approximated by dust-FLRW universe with an
isotropic linear perturbation. Thus, the metric and the stress energy tensor of the
approximated LTB model can be represented by Eqs. (3.19) and (3.21). By choosing
the initial time ti at suciently early time, we give the growing mode dened in
Eq. (3.25) for a given LTB model as
+(r) =
D+(t0)
D+(ti)
(ti; r); (3.30)
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Figure 3.1: Exact density contrast (CR) and that of the linearized CR model (1)
on the past light cone lc, plotted as functions of the redshift z.
where  is the density contrast of an exact LTB spacetime dened in Eq. (2.20).
After giving the initial condition for the density perturbation by Eq. (3.30), we can
compute the evolution of perturbations, (1), `
(1)
k and `
(1)
? , through linear perturba-
tion equations (3.25), (3.27) and (3.28).
As for an example, we evaluate the accuracy of the linear approximation in the
case of the CR model which was reviewed in the previous chapter. We describe the
density contrast of the CR model as (CR)(t; r), of which the evolution is given by
the exact LTB solution. By contrast, (1)(t; r) grows by the growing factor of the
linear perturbation. We plot (CR) and (1) on the past light cone lc in Fig. 3.1.
The relative error between the exact and linearized CR models is less than 30% on
the light cone lc. Inside the past light cone lc, the error is smaller than that on
the past light cone lc, since the CR model has only the growing mode. There is
no qualitative dierence between the exact and the linearized CR models, and thus
we may see the qualitative behavior of linear perturbations in the CR model by the
perturbation analysis of the FLRW universe based on the linearized CR model.
3.3 Analysis of perturbations in linearized LTB
cosmological model
It is rather dicult to analyze the evolution of anisotropic perturbations in the
LTB cosmological model, while it is much easier to study the evolution of non-
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linear perturbations in the homogeneous and isotropic universe model by successive
approximation. We adopt the latter approach. We introduce two-parameter pertur-
bations with small expansion parameters  and  in a homogeneous and isotropic
dust universe. The limit  ! 0 leads to the exact LTB solution, if we take all or-
ders of  into account. By contrast, the limit  ! 0 with 0 <   1 leads to the
homogeneous and isotropic universe with small anisotropic perturbations. Then,
in order to see the eect of the non-Copernican structure on the evolution of the
anisotropic perturbations, we study the non-linear eects up to the order of ,
following Ref. [99].
In the synchronous comoving gauge, the metric and stress-energy tensor of the
perturbed universe model is written as
ds2 =  dt2 + a2(t)
X
N=0
N
h
`
(N)
ij dx
idxj +  h
(N+1)
ij dx
idxj +O(2)
i
; (3.31)
and
T  = FLRW(t)uu
X
N=0
N

(N)(t; r) +  (N+1)(t;x) +O(2) ; (3.32)
where `
(0)
ij = ij, 
(0) = 1 and x := (r; ; ). By substituting expressions (3.31)
and (3.32) into the Einstein equations G = 8T and the equation of motion for
matter rT  = 0, and assuming the equations hold in each order with respect to
 and , we can obtain the perturbation equations order by order.
3.3.1 Perturbations of the order 
Regarding the anisotropic perturbations of the order , we assume that the metric
perturbation h
(1)
ij is composed of the only scalar modes, and thus it is written in the
form
h
(1)
ij = 	
(1)(t;x)ij +DiDj(1)(t;x); (3.33)
where Di denotes covariant derivative with respect to ij. Note that both 	(1) and
(1) are the scalar on a hypersurface of constant t. Then, we obtain perturbation
equations of the order  as
_	(1)  K _(1) = 0; (3.34) DiDi + 3K _(1) =  2 _(1); (3.35)
(1) + 2H _(1)   4FLRW(1) = 0: (3.36)
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General solutions for Eq. (3.36) is given by
(1)(t;x) =
D+(t)
D+(t0)
+(x) +
D (t)
D (t0)
 (x); (3.37)
where  stand for the physical degrees of freedom of growing and decaying modes.
For simplicity, we set  (x) = 0 hereafter.
3.3.2 Perturbations of the order 
From perturbation equations of the order , we obtain the evolution equation of
the density perturbation as
(2) + 2H _(2)   4FLRW(2) = S(2); (3.38)
where S(2) is dened as
S(2) :=
1
2
_`(1)ij _h
(1)
ij + 2
_(1) _(1) + (1)(1) +(1)(1) + 2H _(1)(1) + 2H(1) _(1);
(3.39)
where `ij := ikjl`kl. We solve Eq. (3.38) by using the Green function method and
obtain
(t;x) :=  (1)(t;x) +  (2)(t;x)
=  (1)(t;x) + 
h
T1(t)
(1)(ti; r)
(1)(t;x) + T2(t) _`
(1)ij(ti;x)h
(1)
ij (t;x)
i
;
(3.40)
where
T1(t) := [D
+(t)] 1
Z t
ti
dsG(s; t)


2 _D+(s) _D+(s) + 2 D+(s)D+(s) + 4H(s) _D+(s)D+(s)

;
T2(t) :=
1
2
[D+(t) _D+(ti)]
 1
Z t
ti
dsG(s; t) _D+(s) _D+(s);
G(s; t) :=
D (t)D+(s) D+(t)D (s)
D+(s) _D (s)  _D+(s)D (s) :
For later convenience, focusing on the scalar modes on a sphere specied by the
radial coordinate r, we rewrite the term _`(1)ijh
(1)
ij in the solution (3.40) as follows.
By using Eq. (3.19), we rst rewrite the metric perturbations of the order  in the
form
`
(1)
ij dx
idxj = `
(1)
k (t; r)
dr2
1 Kr2 + `
(1)
? (t; r)r
2d
2: (3.41)
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Then, we describe the radial and azimuthal Hubble parameters as
Hjj := H +  
(1)
jj +O(; 2) and H? := H +  (1)? +O(; 2); (3.42)
where
 
(1)
jj :=
1
2
_`(1)
jj and  
(1)
? :=
1
2
_`(1)? : (3.43)
By using the functions  
(1)
jj ;  
(1)
? together with 
(1), the density contrast (3.40) is
reduced to
(t;x) =  (1)(t;x) + 

T1(t)
i(r)(1)(t;x) + 2T2(t)

K
 
 ijj(r) + 2 
i
?(r)

+  i?(r)DiDi +
 
 ijj(r)   i?(r)

@2r
	
(1)(t;x)

=  (1)(t;x) + 

T1(t)
i(r)  4T2(t) i?(r)
	
(1)(t;x)
+ 2T2(t)

 ijj(r)   i?(r)
	  
K + @2r

(1)(t;x)

; (3.44)
where the superscript i represents the initial value at t = ti. The density perturbation
obtained here is one of our main result. From Eq. (3.44), we can see that the density
uctuation at the leading order, , is same to that in the homogeneous and isotropic
dust universe, and the eects of the void inhomogeneity appear at the next-to-leading
order, , through ,  k and  ?. We will evaluate these eects to the observations
in the case of a huge void model in the next chapter.
3.4 Comparison our approach with previous work
by FCM
In this section, we compare our approach for solving perturbations discussed in the
previous section with previous work FCM [88]. The FCM studied perturbations in
the Regge-Wheeler (RW) gauge, while we have studied in the synchronous comoving
gauge. We derive perturbation equations of our approach in the RW gauge.
In order to apply our method, we regard the background LTB spacetime in
Eqs. (3.1), (3.2) and (3.3) as isotropic perturbations in the Einstein-de Sitter uni-
verse model which are characterized by the book-keeping parameter  as in section.
By using `
(1)
jj (t; r), `
(1)
? (t; r) and 
(1)(t; r) introduced in section, we write the the
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functions ajj, a?, k(r) and LTB in the form
ajj = a
h
1 +

2
@r(r`
(1)
? )
i
+O(2); (3.45)
a? = a
h
1 +

2
`
(1)
?
i
+O(2); (3.46)
k(r)r2 = 
h
`
(1)
jj   @r(r`(1)? )
i
+O(2); (3.47)
LTB = 

1 + (1)

+O(2): (3.48)
In accordance with the prescription in section, we write the polar modes of pertur-
bations as follows:
~' =  ~'(1) +  ~'(2) +O(2); (3.49)
and ~, ~&, ~, ~w and ~v are written in the similar forms. Assuming   < 1 and the
Einstein equations hold in each order with respect to  and , we can obtain the
equations for the perturbations of the order  and .
First of all, we see the perturbation equations of the order . The perturbations
of the order  are equivalent to those of the Einstein-de Sitter universe model. As
mentioned in section, we only include the scalar mode of the order  in our present
analysis. By contrast, the polar perturbations may be a mixture of the scalar, vector
and tensor modes in the context of the perturbation theory for the Einstein-de Sitter
universe model. Thus, we need to relate the polar perturbations to the scalar, vector
and tensor perturbations in the Einstein-de Sitter universe model. The CCF derived
these relations in Eqs. (66){(69) in their paper, by taking the limit of the FLRW
spacetimes to the LTB spacetimes. From Eqs. (67) and (68) in the CCF, we can see
that ~&(1) and ~(1) do not contain scalar mode but consist of the vector and tensor
modes. Thus, the neglect of the vector and tensor modes leads to
~&(1) = ~(1) = 0: (3.50)
In the case that Eq. (3.50) holds, the perturbed metric (3.1) becomes
ds2 =    1  '(1) dt2 + a2  1 + '(1)  dr2 + r2d
2 : (3.51)
It is clear from the above equation that the metric perturbation of the order  is the
scalar mode. Correspondingly, the perturbations of  and u of the order  must
contain the only scalar mode.
By substituting the expressions (3.1), (3.2) and (3.3) into the Einstein equations
and using the expansions (3.45), (3.46), (3.47), (3.48) and (3.49) together with
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Eq. (3.50), we obtain the perturbation equations of the order  as
~'(1) + 4H _~'(1) = 0; (3.52)
8~(1) = 3H _~'(1) + 3H2 ~'(1)   1
a2
DiDi ~'(1); (3.53)
8 ~w(1) =
@r
a
 
_~'(1) +H ~'(1)

; (3.54)
8~v(1) = _~'(1) +H ~'(1): (3.55)
Although it is non-trivial from only Eq. (3.3) that the perturbations of u of the
order  are the scalar mode, it is clear from Eqs. (3.54 ) and (3.55) that it is the case.
Thus, we conclude that the assumption (3.12) at the order  is equal to neglecting
the vector and tensor modes. We can also see that our approach for perturbations is
equal to FCM's approach in the order  as follows. If we apply the expansions (3.45),
(3.46), (3.47), (3.48) and (3.49) to Eqs. (3.13) and (3.14), and take the limit of ! 0,
Eqs. (3.13) and (3.14) coincide with Eqs. (3.52) and (3.53).
Next, we see the perturbation equations of the order . Substituting the ex-
pressions (3.1), (3.2) and (3.3) into the Einstein equations and using the expan-
sions (3.45), (3.46), (3.47), (3.48) and (3.49), we obtain the perturbation equations
of the order  as
 ~(2)   3H _~(2) + 1
a2

DiDi   2

2
r
@r   1
r2

~(2) = 2( _`
(1)
jj   _`(1)? ) _~'(1)
+ 2
h
`(1)
jj   `(1)?

+ 3H

_`(1)
jj   _`(1)?
i
~'(1); (3.56)
~'(2) + 4H _~'(2) +H _~(2) +
1
2a2

DiDi   @2r   2

2
r
@r   1
r2

~(2) =  2 _`(1)? _~'(1)
+
1
a2r2

`
(1)
jj   @r(r`(1)? )

~'(1); (3.57)
_~&(2) + 2H~&(2) +
@r ~
(2)
a
= 0; (3.58)
8~(2) = 3H _~'(2) + 3H2 ~'(2)   1
a2
DiDi ~'(2)
+ H _~(2) +

3H2 +
1
2a2

2
r
@r +
(l   1)(l + 2)
r2

~(2) +
2H
a

@r +
2
r

~&(2)
+
1
a2

`
(1)
jj   `(1)?

@2r ~'
(1) +
1
a2

2
r

`
(1)
jj   `(1)?

  1
2
@r

`
(1)
jj   2`(1)?

@r ~'
(1)
+
1
a2
`
(1)
? DiDi ~'(1) +
1
2

_`(1)
jj + 2
_`(1)?

_~'(1)
+
h
2H

_`(1)
jj + 2
_`(1)?

  8(1)
i
~'(1)   8(1)~(1); (3.59)
8 ~w(2) =
@r
a
 
_~'(2) +H ~'(2)
  1
ar
_~(2) +
H
a
@r ~
(2) +
1
2a2

@2r +
2
r
@r  DiDi

~&(2)
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+
3
2
H2~&(2)   1
2a
`
(1)
jj @r _~'
(1)   1
2a
h
H`
(1)
jj   (2 _`(1)?   _`(1)jj )
i
@r ~'
(1)
  8(1) ~w(1); (3.60)
8~v(2) = _~'(2) +H ~'(2) +
1
2
_~(2) +H ~(2) +
1
2a
@r~&
(2) +
H
2
_`(1)
jj ~'
(1)   8(1)~v(1):
(3.61)
By dening ~y as ~y := ~(2)=r2 and the Fourier transformation of ~y as
~y(t;x) =
Z
d3k
(2)3=2
eikx~yk(t); (3.62)
Eq. (3.56) is reduced to
~yk + 3H _~yk +
k2
a2
~yk = Sk(t); (3.63)
where the source term Sk(t) is dened as
Sk(t) :=  
Z
d3x
(2)3=2
e ikx
(
2( _`
(1)
jj   _`(1)? )
_~'(1)
r2
+ 2
h 
`(1)
jj   `(1)?

+3H

_`(1)
jj   _`(1)?
 i ~'(1)
r2
)
: (3.64)
We nd that `
(1)
jj  `(1)? / a from the equation in the section, and the growing solution
of Eq. (3.52) is '(1) = constant. Hence, the source term Sk(t) is proportional to
a 2. From this, we can see that the particular solution of Eq. (3.63) is Sk(t0)=k2.
We can also see that the homogeneous solutions of Eq. (3.63) decay as time grows.
Thus, we obtain the Fourier mode of the perturbation ~ as
~
(2)
k (t) =
r2Sk(t0)
k2
+ (decaying modes): (3.65)
By using Eqs. (3.58) and (3.65), we obtain
~&(2)(t;x) =  3
5
t1=3t
2=3
0 @r ~
(2)(t;x) + (decaying modes): (3.66)
From Eqs. (3.65) and (3.66), we can see that ~(2) and ~&(2) do not vanish but ~(2) =
constant: and ~&(2) / t1=3 at late time, even if we set ~&(1) = ~(1) = 0 in general. Thus,
the evolution of metric perturbations in our approach signicantly diers from that
in the FCM at the order . However, it is worthwhile to notice that the eects of
~(2) and ~&(2) to the density perturbation ~(2) are not dominant compared to other
eects, because the terms with respect to ~(2) and ~&(2) in the right hand side of
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Eq. (3.59) proportional to t 4=3 and the terms with respect to ~'(1) proportional to
t 2=3. Thus, the FCM's assumption ~ = ~& = 0 will be good approximation for
suciently late time in the study of density perturbations.
The metric perturbations ~(2) and ~&(2) do not exist in the case of homogeneous
and isotropic FLRW models. Thus, we expect that ~(2) and ~&(2) becomes important
in testing LTB cosmological models from observations of large-scale structures such
as weak gravitational lensing, since the photon from galaxies propagates in the
spacetime with these metric perturbations. We leave the eects to the observations
for a future work.
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Chapter 4
Stochastic properties of density
perturbations in LTB cosmological
model
Theoretical cosmologies only predict stochastic properties of uctuations rather
things like the precise location of particular galaxies. Thus, observational results
of the large-scale structure are commonly given by correlation functions and Power
spectra which describe stochastic properties of galaxy distributions. In this chap-
ter, to compare our results obtained in the previous chapter with observations of
galaxy clustering, we study stochastic properties of the density perturbations in LTB
cosmological models based on our papers [92] and [93].
In x 4.1, we derive a two-point correlation function of the density perturbations,
and investigate the stochastic properties of uctuations. In x 4.2, we discuss the
Redshift Space Distortions (reviewed in x 1.3.2) in the LTB cosmological models by
using two-point correlation functions. In x 4.3, we derive angular power spectrum of
density perturbations, and study the evolution of density perturbations in a specic
void model (the CR model) by using it. x 4.4 is devoted to conclusion and discussion
of this chapter.
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4.1 Two-point correlation functions of density per-
turbations in LTB cosmological model
4.1.1 Derivation of two-point correlation functions
To derive two-point correlation functions, it is convenient to introduce a radial
coordinate  in the metric of a dust-FLRW universe model as
ds2 =  dt2 + a2(t) d2 + S2K()(d2 + sin2 d2) ; (4.1)
where SK is dened by
SK() =
8>><>>:
sinh
 p K =p K; for K < 0
; for K = 0
sin
p
K

=
p
K; for K > 0
where K is a constant that denotes spatial curvature.
In the previous chapter, we have invoked the perturbation analysis on the back-
ground dust-FLRW universe in order to clarify the evolution of density perturbations
in the inhomogeneous and isotropic LTB universe model. By virtue of this treat-
ment, we can specify the relative position of two points and the central observer
by using the comoving distance which is the geodesic distance with respect to the
background conformal metric ij. We represent two-point correlation functions of
anisotropic density perturbations in the inhomogeneous and isotropic LTB universe
model in the form
(t;x1;x2) := h(t;x1)(t;x2)i = (t; ; 1; 2); (4.2)
where 1;2 are the comoving distances from the central observer to the points, and
 is the comoving separation of the two points (see g. 4.1).
By using the quantities introduced in the previous chapter, the two-point corre-
lation function is given by
 = 2h(1)(t;x1)(1)(t;x2)i
+ 2h(2)(t;x1)(1)(t;x2)i+ 2h(1)(t;x1)(2)(t;x2)i+O(22): (4.3)
The terms of the order 2 in the right hand side of the above equation represent the
eects of the spherical void on the anisotropic perturbations. By using Eq. (3.44),
these terms of our interest are written as follows. The second term in the right hand
side of Eq. (4.3) is given by
h(2)(t;x1)(1)(t;x2)i =

T1(t)
i(1)  4T2(t) i?(1)
 h(1)(t;x1)(1)(t;x2)i
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Figure 4.1: Geometry of the relative position of the observer and two points in the
constant curvature space( From Ref. [100]).
+ 2T2(t)

 ijj(1)   i?(1)
  
K + @21
 h(1)(t;x1)(1)(t;x2)i: (4.4)
Hereafter, we assume that the wavelength  of the anisotropic perturbations is
much smaller than the scale of the spatial curvature, @  1= 
pjKj, and thus
we discard the term proportional to K in the above equation1. The third term in
the right hand side of Eq. (4.3) is obtained by replacing the subscript 1 by 2 and 2
by 1, except for the subscript of T1 and T2, in Eq. (4.4).
Under the short-wavelength assumption,  1=pjKj, the two-point correlation
function of the linear density perturbations (1) is written as2
h(1)(t;x1)(1)(t;x2)i =
Z 1
0
dkk2
22
j0(k)P
(1)(t; k); (4.5)
where P (1)(t; k) is the so-called power spectrum in the homogeneous and isotropic
universes. Here, we briey review the power spectrum that we use. If we choose the
initial time after recombination, the matter power spectrum including baryons and
cold dark matter can be written as
P (1)(t; k) = [D+(t)]2P (k);
P (k) = A0k
nT 2(k); (4.6)
where A0 is a positive constant which represents the amplitude for perturbations on
large scales, n is constant, and T (k) is the matter transfer function. In this thesis,
1We note that 1 and 2 can be the same order of 1=
pjKj.
2General formula which does not employ the short-wavelength approximation can be seen in
Matsubara's paper [100].
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we assume the Harrison-Zel'dovich spectrum n = 1. As for the transfer function, we
adopt the tting formula developed by Eisenstein & Hu [101]. The tting function
dened by equation (16) in Ref. [101] is determined by the four parameters as
T (k) = T (k; 
b;
c; h;2:7); (4.7)
where 
b and 
c are the cosmological density parameter of baryons and cold dark
matter, h is dened as h = H0=(100kms
 1Mpc 1) and the CMB temperature is
written as 2:72:7K. As an example, in the case of the CR model reviewed in x. 2.2,
0.001 0.01 0.1 1
0.01
0.1
1
k
THkL
Figure 4.2: Transfer function as a function of k for the FLRW model with 
b =
0:042;
c = 0:20; h = 0:74;2:7 = 1:0.
we will adopt the following values for these parameters,

b = 0:042; 
c = 0:20; h = 0:74; 2:7 = 1:0 ; (4.8)
where 
b, 
c and h are chosen to be the same at the center of the CR model and
2:7 = 1:0 is assumed. This transfer function is plotted as a function of k in Fig. 4.2.
By using Eq. (4.5) together with the relation (1) '  1
2
DiDi(1) from Eq. (3.35),
we obtain
h(1)(t;x1)(1)(t;x2)i = 2
Z
dkk2
22
j0(k)
P (1)(t; k)
k2
: (4.9)
The remaining nontrivial term of the equation (4.4) is the derivative with respect
to 1. To evaluate the term of the derivative with respect to 1 in Eq. (4.4), we use
the following relations (see, for example [100]); for K < 0,
cosh(
p K) = cosh(p K1) cosh(
p K2)  sinh(
p K1) sinh(
p K2) cos ;
(4.10)
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for K = 0,
2 = 21 + 
2
2   212 cos ; (4.11)
for K > 0,
cos(
p
K) = cos(
p
K1) cos(
p
K2) + sin(
p
K1) sin(
p
K2) cos : (4.12)
Furthermore, the following relations hold
cos 1 =
@
@1
and cos 2 =
@
@2
; (4.13)
where 1 (2) is dened as an angle between the geodesics of 1 (2) and  (see
g. 4.1). By dierentiating Eqs. (4.10){(4.12) with respect to 1 with 2 and 
xed, we obtain @=@1 and @
2=@21. Then, by using these results, we obtain
@2j0(k)
@21
=  k
2
3
j0(k) +
k2
3
(3 cos2 1   1)j2(k): (4.14)
By using Eqs. (4.4), (4.5), (4.9) and (4.14), we nally obtain
(t; ; 1; 2) = 
2(0)(t; )
+ 2

A(t; 1; 2)(0)(t; ) +B(t; ; 1; 2)(2)(t; )

+O(22); (4.15)
where (l) is dened by
(l)(t; ) :=
Z 1
0
dk
22
k2jl(k)P
(1)(t; k); (4.16)
and, by using the Legendre polynomial of degree two, P2(z),
A(t; 1; 2) := T1(t)

i(1) + 
i(2)

 4
3
T2(t)

 ijj(1) + 2 
i
?(1) +  
i
jj(2) + 2 
i
?(2)

;
B(t; ; 1; 2) :=
8
3
T2(t)

P2(cos 1)

 ijj(1)   i?(1)
	
+P2(cos 2)

 ijj(2)   i?(2)
	
:
Here, we note that 1;2 in the above equation can be represented by 1; 2 and 
(see Eqs. (4.10){(4.12)).
47
4.1.2 The distant observer approximation and the long wave-
length approximation
So far, we have only assumed 0 <   1 and @ 
pjKj. The spatial curvature
K and the cosmological constant  have not been ignored, and further any specic
spatial congurations for the isotropic perturbations have not been assumed yet.
Therefore, the equation (4.15) can be used to wide class of inhomogeneous and
isotropic universes.
To clarify the behavior of the two-point correlation function (4.15) in the model
of huge void universe, we focus on the following situation. We consider two-point
correlations whose comoving separation  is much smaller than the comoving scale
of the void Lvoid, called the long wavelength approximation, and is much smaller
than the comoving distance from the central observer to these points, 1 and 2,
called the distant observer approximation. By the rst assumption,   Lvoid, we
have
(1)(t; 2) = 
(1)(t; 1) +
X
n=1
1
n!
(2   1)n@
n(1)(t; y)
@yn

y=1
=
h
1 +O
 
Lvoid
i
(1)(t; 1); (4.17)
where we have used   j1   2j for the second equality. The similar relations as
the above also hold for  
(1)
jj and  
(1)
? . Then, by the second assumption,   1;2,
the angle 2 can be approximated as 2 '    1. By these two assumptions, the
two-point correlation function (4.15) is reduced to
(t; ; 1; 2) ' ap(t; ; 1; 1)
:= 2(0)(t; ) + 
2

a(t; 1)(0)(t; ) + b(t; 1; 1)(2)(t; )

; (4.18)
where
a(t; 1) := 2T1(t)
i(1)  8
3
T2(t)
 
 ijj(1) + 2 
i
?(1)

;
b(t; 1; 1) :=
16
3
T2(t)P2(cos 1)

 ijj(1)   i?(1)

:
In the the above equations, the 1-dependence implies the inhomogeneity of the two-
point correlation function, which comes from the spherical perturbations, (1);  
(1)
jj
and  
(1)
? . We can also see that the 1-dependence of b(t; 1; 1) corresponds to the
distortions of the correlation, which results from the local anisotropy of the volume
expansion rate at 1 6= 0, that is,  (1)jj    (1)? 6= 0. We would like to stress that the
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local-FLRW approximation never predicts the existence of a term that represents
the 1-dependence of the two-point correlation function. Since the function T2(t) is
the growth factor of the second-order perturbations, the distortion of the correlation
becomes important at late time.
By investigating the dierence between its value of 1 =  and of 1 = =2,
we can see whether distortion of the two-point correlation function exists. Here,
it should be noted that if we take the distance up to the order , the comoving
distance  does not mean the same proper distance for 1 =  and 1 = =2. By
taking this fact into account, we dene the following quantity
(t; p; 1) := ap (t; ?; 1; =2)  ap
 
t; jj; 1; 

; (4.19)
where jj and ? are related to the proper distance p as
jj = p
h
1  
2
`jj(t; 1)
i
and ? = p
h
1  
2
`?(t; 1)
i
: (4.20)
Substituting Eq. (4.18) into Eq. (4.19), we have
(t; p; 1) ' 2
"
p
2

`jj(t; 1)  `?(t; 1)
	 @(0)(t; )
@

=p
+ 8T2(t)

 i?(1)   ijj(1)
	
(2)(t; p)
#
: (4.21)
The quantity  is a measure of the distortion of the two-point correlation function
at each point.
4.1.3 Distortions of the two-point correlation functions
We investigate the distortion of the two-point correlation function  in a specic
model of the void universe. We assume that this model approaches to the Einstein-
de Sitter universe model in the spatial asymptotic region with the dimensionless
Hubble parameter h := H0=100kms
 1Mpc 1 = 0:7. In the perturbative treatment,
the inhomogeneity of the void model is described by the isotropic perturbations of
the order  on the Einstein-de Sitter universe. Since we consider the void model
which can be approximated by the homogeneous and isotropic universe at early
stage, we neglect the decaying mode for the perturbations of the order . We x the
gauge degree of freedom to rescale the radial coordinate as `
(1)
? (t0; ) = 0, where t0
is present time. Then the isotropic perturbations are completely determined by the
growing mode +(), where the density contrast dened in Eq. (3.25) is given by
(1)(t; ) =
D+(t)
D+(t0)
+(): (4.22)
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We presented calculations to determine other perturbations, `
(1)
jj and `
(1)
? ; from 
+
in x 3.2. We set the function + as
+(1) =  0:3 1  tanh [(1   0:1)=]
1 + tanh [0:1=]
; (4.23)
where  is a parameter that determines the size of void. We set the amplitude
of the isotropic density perturbation to be about 0.3 at present time. Since all
inhomogeneities are assumed to be composed of the growing modes, they decrease
with going back to the past. This fact implies that the amplitude of the isotropic
density contrast is always less than 0.3 until the present time t = t0, and therefore
the linear approximation for the isotropic inhomogeneities will be valid at least
in qualitative sense in our model. We show the density contrast at present time,
Β=0.1
Β=0.2
Β=0.4
D
H1L
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Figure 4.3: The density contrast (1) at present time as a function of 1 for three
cases,  = 0:1; 0:2 and 0:4.
(1)(t0; 1), for three cases,  = 0:1; 0:2 and 0:4, as functions of 1 in Fig. 4.3 . We
can see from this gure that the size of the void is about 750h 1Mpc for  = 0:1,
1500h 1Mpc for  = 0:2 and 3000h 1Mpc for  = 0:4, respectively.
Then, we depict the quantity  dened in Eq. (4.21) at the present time t = t0 as
a function of 1 for three cases,  = 0:1; 0:2 and 0.4 in Fig. 4.4. Here, we have chosen
the proper distance p between two points to be equal to 100h
 1 Mpc, and we have
used the tting formula for the power spectrum P (1)(t; k) given in Eq. (4.6). We can
see from Fig. 4.4 that the maximum of  is located near the edge of the void. It is
worth to notice that the magnitude of the two-point correlation function of the order
2 is (0)(t0; 100h
 1Mpc) '  1:210 4. Then, we can also see from Fig. 4.4 that the
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Figure 4.4: The quantity  which represents the distortions of the two-point corre-
lation function for p = 100h
 1 Mpc at the present time t = t0 as a function of 1
for cases,  = 0:1; 0:2 and 0:4.
function  is about quarter of the leading order term of the two-point correlation
function. So, we conclude that the distortion of the two-point correlation function
is important in observationally studying the growth of the large-scale structure in a
large void universe.
4.2 Redshift Space Distortions in LTB cosmolog-
ical model
The distribution of galaxies is observed not in the real space but in the redshift
space. Although we do not compare our results with observational data, we discuss
the two-point correlation function in the redshift space and the signicance of eects
of the void inhomogeneity on it.
4.2.1 Eects of the real space distortions
Before studying the two-point correlation function in redshift space in the large void
universe, we briey review that in the homogeneous and isotropic model. In this
case, it is known that the two-point correlation function of the density perturbations
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in the redshift space is anisotropic due to the peculiar velocity eld as follows [102]
(see e.g. Ref. [103] for its derivation)
(s)(z1; ; ) =

1 +
2
3
f(t(z1)) +
1
5
f 2(t(z1))

P0()(0) (t(z1); )
 

4
3
f(t(z1)) +
4
7
f 2(t(z1))

P2()(2) (t(z1); )
+
8
35
f 2(t(z1))P4()(4) (t(z1); ) ; (4.24)
where  and z1 are the comoving separation of the two points and the redshift
of one of them, f(t) is the growth rate of the density perturbations dened by
f(t) := d(lnD+(t))=d(lna(t)), and t(z1) is given by
t(z1) =
Z 1
z1
dz
(1 + z)H
: (4.25)
The redshift space distortion, namely, -dependence of the two-point correlation
function of galaxies in the redshift space is used to estimate the growth rate f(t) [104,
105]. In the homogeneous and isotropic universe, the two-point correlation function
in the real space does not have the -dependence, and hence we can nd out the
growth rate f(t) from the -dependence of the two-point correlation function of
galaxies in the redshift space through Eq. (4.24) without the systematic error caused
by the bias eect.
Next let us consider the case of large void universe. If there is non-Copernican
inhomogeneities, as explicitly shown in Eq. (4.18), the real space correlation function
has its own -dependence and may mislead us in determining the growth rate from
the two-point correlation function in the redshift space. In general, perturbations
change the propagation of photons. This fact implies that the perturbations change
the mapping from the real space to the redshift space and thus the mapping between
the density in the real space and that in the redshift space. Thus, to obtain the
density perturbation of the order  in the redshift space, we need to compute the
photon propagation up to the order . This is non-trivial task, and we left it for a
future work. As a rst step, in order to infer how signicant the non-linear eects of
non-Copernican inhomogeneities on the two-point correlation function in the redshift
space is, we compare the quadrupole anisotropy in the two-point correlation function
in the real space of the large void universe (4.18) with that in the redshift space of
the homogeneous and isotropic model (4.24). The ratio  of quadrupole component
in Eq. (4.18) to that in Eq. (4.24) is given in the following form,
(z) :=
~B (t(z); 1(z))
 4
3
f(t(z))  4
7
f 2(t(z))
; (4.26)
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where
1(z) =
Z z
0
dz
H
: (4.27)
The ratio  in three cases  = 0:1; 0:2 and 0:4 is depicted as a function of the
redshift in Fig. 4.5. From Fig. 4.5, we can see that the maximum of  is about
0.02 around z = 0:2, and this means that the error from the void structure given in
Eq. (4.23) is O(0:01) in determining the growth rate of the density perturbation.
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Figure 4.5: The ratio  of the quadrupole component in Eq. (4.18) to that in
Eq. (4.24) as a function of the redshift.
4.2.2 Eects of the peculiar velocity elds
In the previous subsection, we neglected mapping eects for the density perturba-
tions from the real space to the redshift space. Although we leave an estimation
of mapping eects of the order  for a future work, we consider mapping eects
of the order  by applying Newtonian approximation. It is known that only the
peculiar velocity is needed when we study mapping eects in the Newtonian ap-
proximation. Thus, we only consider eects of the peculiar velocity elds of the
order  for simplicity.
The redshift in the perturbed universe model given in Eqs. (3.31) and (3.32) can
be described as
1 + z = (1 + z)
 
1 + (1)z + 
(1)
z +O(2; ; 2)

; (4.28)
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where z is the redshift in the homogeneous and isotropic universe model and dened
as 1 + z := 1=a, and 
(1)
z and 
(1)
z are the uctuations of the redshift produced by
the perturbations and given by
(1)z =  
1
2
Z t
t0
dt _`
(1)
jj (t; ); 
(1)
z =  
1
2
Z t
t0
dt

K _(1)(t;x) + @2 _
(1)(t;x)

; (4.29)
where `
(1)
jj and 
(1) are the metric perturbations dened in Eqs. (3.19) and (3.33).
Hereafter, we assume that the wavelength  of the anisotropic perturbations of the
order  is much smaller than the scale of the spatial curvature K and the horizon
H, and apply the Newtonian approximation for 
(1)
z as
(1)z '
a(t)
2
@ _
(1)(t; ; ; ')  a(t0)
2
@ _
(1)(t0; 0; 0; 0): (4.30)
Here, we should note that the terms of the right hand side in Eq. (4.30) correspond
to the peculiar velocities. In fact, the terms are related to the radial component
of the 3-velocity in the Newtonian gauge, viN, as v

N = @
_(1)=2. By setting the
peculiar velocity at the center is zero, vN(t0; 0; 0; 0) = 0, and substituting Eq. (4.30)
into Eq. (4.28), we obtain
1 + z ' (1 + z)

1 + (1)z (t; ) + 
a(t)
2
@ _
(1)(t; ; ; ')

; (4.31)
where we neglected the nonlinear terms of the order 2,  and 2.
We have used (; ; ') as the spatial coordinate in the real space. The radial
coordinate is related to the redshift of the background universe as
 =
Z z
0
dz
0
H(z0)
: (4.32)
Since we do not observe the redshift z in the background universe, we cannot specify
the radial position of the galaxies. Then, we dene the radial coordinate in the
redshift space from the observed redshift z as
s :=
Z z
0
dz
0
H(z0)
: (4.33)
By using Eqs. (4.31), (4.32) and (4.33), we obtain the relation of the radial coordi-
nates in the real space and the redshift space as
s ' + 
(1)
z
aH
+ 
@ _
(1)
2H
: (4.34)
The number density of galaxies in the redshift space n(s) is related to that in the
real space n(r) by the number conservation as
n(s)(s; ; ')
2
sds sin dd' = n
(r)(; ; ')2d sin dd': (4.35)
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By using Eqs. (4.34) and (4.35), we obtain the number density in the redshift space
as
n(s) =

2s
2
@s
@
 1
n(r) '
 
1  (1)n   
@2
_(1)
2H
!
n(r); (4.36)
where in the second equality we assumed  is much smaller than the radial distance
from the central observer to the galaxies ( ), and (1)n is dened as
(1)n :=

@
@
+
2



(1)
z
aH
: (4.37)
We take an average of the number density over the volume of the galaxy survey V
whose size is much larger than  and much smaller than Lvoid, and obtain
hn(s)iV ' hn(r)iV
 
1  h(1)n iV

: (4.38)
By using Eqs. (4.36) and (4.38), we obtain the number density uctuation in the
redshift space as
(s) :=
n(s)   hn(s)iV
hn(s)iV ' 
(r)   
2H
@2
_(1); (4.39)
where (r) := (n(r)   hn(r)iV)=hn(r)iV, and in the second equality we used the ap-
proximation h(1)n iV ' (1)n because we assumed V 1=3  Lvoid. The number density
uctuation (r) is related to the energy density perturbation  which was dened in
section as (r) = b, where b is the bias parameter. By assuming b = 1 and using
the equations in section, (s) is written as
(s) ' 

1 + f
@2
^

(1) +  (2); (4.40)
where ^ is dened as ^ := DiDi, and f is the growth rate of the linear perturbation
which is dened as f := d(lnD+)=d(ln a).
Then, we dene the two-point correlation function of the density perturbation
in the redshift space as
(s) := h(s)(t;x1)(s)(t;x2)i: (4.41)
By using the equations in section and applying the distant observer approximation,
we nally obtain the correlation function as
(s)(t; ; ; 1) ' 2(1;s)(t; ; ) + 22(2;s)(t; ; ; 1); (4.42)
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where (1;s) and (2;s) are dened as
(1;s)(t; ; ) :=

1 +
2
3
f(t) +
1
5
f 2(t)

P0()(0)(t; )
 

4
3
f(t) +
4
7
f 2(t)

P2()(2)(t; )
+
8
35
f 2(t)P4()(4)(t; ); (4.43)
and
(2;s)(t; ; ; 1) :=

~a(t; 1) +
1
3
~b(t; 1)

+ f(t)

1
3
~a(t; 1) +
1
5
~b(t; 1)

 P0()(0)(t; )
 

2
3
~b(t; 1) + f(t)

2
3
~a(t; 1) +
4
7
~b(t; 1)

P2()(2)(t; )
+
8
35
f(t)~b(t; 1)P4()(4)(t; ); (4.44)
where P` are the Legendre polynomials,  is dened as  := cos 1 (see g. 4.1),
(`)(t; ) was dened in Eq. (4.16), and we dened ~a and ~b as
~a(t; 1) := T1(t)
i(1)  4T2(t) i?(1);
~b(t; 1) :=  4T2(t)
 
 ijj(1)   i?(1)

:
From Eq. (4.44), we can see that the isotropic perturbations ~a and ~b aect to
the distortion, and these terms are proportional to P0, P2 and P4. This means
that the isotropic perturbations may mislead us in determining the growth rate by
the observation as discussed in the previous subsection. Here, we note that the
terms proportional to f(t) in Eq. (4.44) are involved in mapping eects from the
peculiar velocity eld that we have not included in the previous subsection. Then,
we estimate the order of the systematic error produced by the isotropic perturbations
in measuring the growth rate f(t). The growth rate is O(1) (in fact, f(t) = 1 in
the Einstein-de Sitter universe model), and ~a and ~b are expected to be O(0:1) in
the case of a void model which we have studied. Thus, from Eq. (4.43) and (4.44),
we can see the order of the systematic error becomes about 10% in determining the
growth rate.
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4.3 Growth of density perturbations in Clarkson-
Regis model
In x 4.1 and x 4.2, we have focused on the distortion of two-point correlation functions
in the LTB cosmological models. The radial dependence of two-point correlation
functions in the LTB models is also important in revealing stochastic properties of
uctuations. In this section, by dening an angular power spectrum, we study the
radial dependence of time evolution of density perturbations in a specic void model
proposed by Clarkson and Regis which we reviewed in x 2.2.
4.3.1 Angular power spectrum and angular growth rate
The LTB cosmological models have the radial inhomogeneity for the central observer
in general. As a result, the evolution of perturbations in such models depends on the
radial coordinate as we have shown in Eq. (4.18). To study the radial dependence
of the growth of density perturbations, we use an angular power spectrum which is
the simplest quantity that we can currently calculate. We dene the angular power
spectrum of the density contrast by
C`(t; r) =
r2
2`+ 1
X`
m= `
h`m(t; r)`m(t; r)i; (4.45)
where  denotes the complex conjugate, and `m is the coecients of the spherical
harmonic expansion. By using Eq. (3.44), we obtain
`m(t; r) :=  
(1)
`m(t; r) + 

T1(t)
i(r)  4T2(t) i?(r)
	

(1)
`m(t; r)
+ 2T2(t)

 ijj(r)   i?(r)
	  
K + @2r


(1)
`m(t; r)

; (4.46)
where 
(1)
`m(t; r) and 
(1)
`m(t; r) are the coecients of the spherical harmonic expansion.
By using Eqs. (4.45) and (4.46), we obtain
C`(t; r) = 
2 K1(t; r; `) + 2
2

T1(t)
i(r)  4T2(t) i?(r)

K1(t; r; `)
+ 42T2(t)

 ijj(r)   i?(r)

K2(t; r; `); (4.47)
where we have dened K1 and K2 s
K1(t; r; `) =

2

Z 1
0
dkP (1)(t; k)(kr)2j2` (kr);
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K2(t; r; `) =

2

Z 1
0
dkP (k)(kr)2j`(kr)
 
@2r j`(kr)
 2
k2

:
To investigate the growth rates of the perturbations, we dene the angular growing
factor by
D`(t; r) =

C`(t; r)
C`(ti; r)
1=2
: (4.48)
It is easy to see that the angular growing factor D`(t; r) is equal to D
+(t)=D+(ti)
up to order . Then, using the angular growing factor, we dene the angular growth
rate on the past light cone lc as a function of redshift z as follows:
f`(z) =  d[lnD`(tlc(z); rlc(z))]
d ln(1 + z)
: (4.49)
Here, we note that the angular growing factor and the angular growth rate do not
depend on the amplitude A0. We also note that the angular growth rate up to order
 agrees with the growth rate usually used in the linear perturbation theory of the
FLRW universe, d(lnD+)=d(lna).
4.3.2 Radial dependence of the growth rate
Let us consider the evolution of the anisotropic density contrasts in the CR model
introduced in x 2.2. By using the angular power spectrum C`(t; r) given by Eq. (4.47)
and the power spectrum P (1)(t; k), we depict the angular growing factors D`(t; r)'s
dened by Eq. (4.48) at each comoving distance as functions of t in Fig. 4.6. Here,
we introduced a useful quantity dened by
~k :=
`
r
: (4.50)
Note that ~k is equal to the comoving wave number of the mode ` at a distance r
in the at sky approximation (see e.g., Ref. [106]). In Fig. 4.6, the present time is
H0t0 = 0:83, and ` is chosen so that ~k = 0:5Mpc
 1. This choice of ` shows us the
evolution of perturbations with the size of a cluster of galaxies, i.e., 2=~k  10Mpc.
We can see from Fig. 4.6 that the larger the comoving distance of a perturbation
from the symmetry center, the faster the growth of the perturbation. This result
may be explained by the fact that the energy density of the CR model is a monoton-
ically increasing function of r, since the growth rates of perturbations in the FLRW
universe is a monotonically increasing function of 
M.
We also depict D` of the FLRW universe models with 
M = 0:242 and 0:7,
respectively, together with that of the CR model in Fig. 4.7. We can see from this
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Figure 4.6: Angular growing factors D`'s in the CR model at r = 40Gpc (dotted
line), r = 4Gpc (dashed line) and r = 0 (dot-dashed line) depicted as functions of
t. The present time is H0t0 = 0:83. We choose ` so that ~k = 0:5Mpc
 1.
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Figure 4.7: Angular growing factors D`'s in the dust lled FLRW universe models
with 
M = 0:242 and 
M = 0:7, together with that for the CR model.
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gure that D` of the FLRW universe with 
M = 0:242 agrees with D`(t; r = 0) of
the CR model. We note that D` in the FLRW universe with 
M = 0:7 does not
agree with that far from the void (r = 40Gpc) in the CR model. This result might
not be real, but rather could be an error caused by using the linearized CR model,
since the error due to the linear approximation becomes larger for larger r.
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Figure 4.8: Angular growing factors D`(t; r = 4Gpc) in the CR model for ~k =
0:01Mpc 1 (solid line), 0:1Mpc 1 (dashed line) and 1Mpc 1 (dot-dashed line), de-
picted as functions of t. The right panel shows a close-up of the 0:7 < H0t < 0:71
.
Then, we have also investigated the dependence of D` on ~k. The angular growing
factors D`(t; r = 4Gpc)'s with various values of `, or equivalently, ~k are depicted as
functions of t in Fig. 4.8. We nd that the dependence of D`(t; r = 4Gpc) on ~k is
very small in the case of the CR model.
Next, the angular growth rate f` dened by (4.49) is plotted as a function of z
for the CR model, together with those of the dust lled FLRW with 
M = 0:242
and 
M = 0:7 and the at CDM with 
M = 0:28 in Fig. 4:9. Lower panel shows
a close-up of the region 0 < z < 1 in. Here, ` is also chosen so that ~k = 0:5Mpc 1.
From Fig. 4.9, we can see that the value of f` of these models approach the value
of the Einstein de-Sitter universe (f` = 1) in the high redshift domain. We can see
from Fig. 4.9 that f` at the central observer z = 0 of the CR model agrees with the
value of the dust lled FLRW universe with 
M = 0:242. We can also see that f`
in the CR model is signicantly dierent from those in homogeneous and isotropic
universes for redshift 0 < z . 1.
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Figure 4.9: Upper panel: Angular growth rate f` in the CR model (solid line),
together with those of the dust lled FLRW universe with 
M = 0:242 (dot-dashed
line) and 
M = 0:7 (dashed line) and the at CDM universe with 
M = 0:28
(dotted line) as a function of z. ` is chosen so that ~k = 0:5Mpc 1. Lower panel:
Close-up of the region 0 < z < 1.
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4.4 Conclusion and Discussion
We have studied stochastic properties of density perturbations in the LTB cosmo-
logical model, by applying the second-order perturbation theory in the homogeneous
and isotropic universe which we developed in Chap 3. First of all, we have derived
the general expression (4.15) for the two-point correlation function in a inhomoge-
neous and isotropic universe model in a form of the series expansion. Then, we have
assumed the separation between two points which we take the correlation is much
shorter than both the scale of the spherical inhomogeneity and the distance from
the center. In these approximation, it can be explicitly shown that the two-point
correlation function has the distortion as a result of the local anisotropy of the vol-
ume expansion rate. This result is very dierent from the prediction based on the
so-called local-FLRW approximation in which suciently small region is assumed
to be the same as the FLRW universe. Our result suggests that we should treat a
large void universe model as a locally homogeneous and anisotropic universe model
rather than a locally FLRW universe model. A local behavior of a huge void model
will be discussed in more details in the next chapter.
We computed the distortion of the two-point correlation function for a specic
model with the order of the spherical inhomogeneity being about 10%. In this
model, the magnitudes of the distortions are not negligible compared to the leading
order term in the real space two-point correlation function. We showed that the
distortions of the correlation function in the real space contribute to the distortions
in the redshift space. Hence, we may test the model of the huge void universe by the
observations of the distortion of the two-point correlation function. In other words,
the observational data of the two-point correlation function of galaxy distribution
may contain a systematic error due to the non-Copernican inhomogeneity. In order
to evaluate the net eect of the isotropic inhomogeneities on the redshift space
distortion, we need to obtain the density perturbation in the redshift space of the
order  by computing the photon propagation up to the order . This is not a
trivial task and we left it for a future work.
In x 4.3, we calculated the angular growing factor using the linearized Clarkson-
Regis (CR) model, which has the uniform big-bang time. From the behavior of
the angular growing factor, we found that the speed of growth of a perturbation
is a monotonically increasing function of the comoving distance from the center of
the void. Because of this property, the angular growth rate in the CR model diers
from that in the dust lled FLRW universe even for low redshift (z < 1). This result
implies that, if we can somehow observe the angular growth rate f`, the observational
data may give a strong constraint on non-Copernican universe models.
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Chapter 5
Newtonian self-gravitating system
in LTB cosmological model
Our universe has a well developed nonlinear structure which takes the form of galax-
ies, clusters and superclusters. In the standard cosmology, cosmic structure forma-
tion at subhorizon scales is commonly studied by using a Newtonian self-gravitating
system in an expanding universe, where its system is governed by the equations of
non-relativistic hydrodynamics and Newtonian gravitational theory for a uid in
the FLRW universe (see, for example [107]). The Newtonian equations have been
solved by the cosmological N-body numerical simulation, and their results have been
compared with observational results of galaxy clustering. The Newtonian equations
have also been studied by some analytic approaches such as the linear approximation
and the Zel'dovich approximation, and these analyses have helped us to understand
the gravitational instability of the Newtonian system. However, there is no practical
scheme to study Newtonian self-gravitating system in non-Copernican cosmological
models. In this chapter, we propose an approximation scheme to study Newtonian
self-gravitating system in the LTB cosmological models.
We consider a LTB cosmological model of a huge spherical void which is com-
parable to the horizon scale, and hence the curvature radius, R, of the universe is
about 1Gpc, R  1Gpc. Although LTB spacetime describing a huge void model
is a relativistic and nonlinear solution of the Einstein equations, its gravitational
eld is weak in a suciently small spatial region compared to the scale of a void.
In such a small region, we can approximate the metric of the LTB solution to a
form of Minkowskian with small perturbations. We call the approximation a local
approximation. To perform a local approximation, it is convenient to use Fermi-
normal coordinates which cover a local spatial region at all times in the spacetime.
Here, it should be noted that this approximation scheme is known as the tidal
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approximation in the study of Newtonian self-gravitating system in the tidal eld
produced by relativistic structures such as Black Holes (see, for example [108]). A
local approximation help us to construct Newtonian self-gravitating system in the
LTB cosmological model.
To consider Newtonian self-gravitating system in the LTB model of a huge void,
we assume the typical size of cosmic structures of our interest, `N, is much smaller
than the curvature radius, `N R. We also assume the peculiar velocity of cosmic
structures, vN, is much smaller than the speed of light jvNj  c, and the self-gravity
of cosmic structures is weak. By these assumptions, we introduce two non-negative
small expansion parameters as
 :=
jvNj
c
; and  :=
`NR
 : (5.1)
Here, we note that the parameter  is also used as an expansion parameter of
a local approximation to the background LTB spacetime. By starting from the
Einstein equations and by using these expansion parameters, we derive equations
of non-relativistic hydrodynamics and Newtonian gravity for a uid in the LTB
cosmological model. This scheme is known as the Cosmological Post-Newtonian
expansion in the study of FLRW cosmologies [109, 110, 111, 112], and thus our study
can be regarded as a generalization of Cosmological Post-Newtonian expansion to
the inhomogeneous cosmological models.
In x 5.1, after introducing the Fermi-normal coordinates, we apply a local ap-
proximation to the LTB cosmological model based on the Fermi-normal coordinate
expansion. In x 5.2, we derive a set of equations governing Newtonian self-gravitating
system in the LTB cosmological model by classifying a relation of the expansion pa-
rameters into three cases,  > ,  =  and  < . In x 5.3, we solve the derived
equations by using the linear approximation, and investigate the growth of linear
vorticity elds and linear density perturbations. x 5.4 is devoted to conclusion and
discussion of this chapter.
5.1 Local approximation to LTB cosmological model
5.1.1 Construction of Fermi-normal coordinates
Fermi-normal coordinates (see, for reviews [113, 114, 115, 116]) are local coordi-
nates around a timelike geodesic1. We briey review how to construct the Fermi-
normal coordinate from an arbitrary coordinate, and how to compute the metric
1If we consider a non-geodesic worldline, the coordinates are referred to as Fermi-walker coor-
dinates.
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and stress-energy tensor of the Fermi-normal coordinate. Throughout this chapter,
we represent the former coordinate as x
0
and the Fermi-normal coordinate as x.
Let  be a timelike geodesic with a normal vector
u
0
=
dx
0
d
; (5.2)
where  denotes the proper time along . Then, we erect a parallel transported
orthonormal tetrad e
0
() on  that satises
g00e
0
()e
0
() =  and u
0r0e0() = 0; (5.3)
where  is dened as  = ( 1; 1; 1; 1), and we assume e0(0) = u
0
. To construct
the Fermi-normal coordinate of an event P neighborhood to , we locate an unique
spacelike geodesic  that passes through P and intersects  orthogonally, whose
normal vector is given as
n
0
=
dx
0
ds
; (5.4)
where s denotes the proper length along . We choose s = 0 at the point  intersects
, and dene a spatial vector 
i as

i := n
0

s=0
e
(i)
0 ; (5.5)
where e
(i)
0 := g00e
0
(i) and 

i satises ij

i
j = 1. By using Eq. (5.5), the normal
vector n
0
at s = 0 can be written as
n
0

s=0
= 
ie
0
(i): (5.6)
By using the parameters  , s and 
i, we dene the Fermi normal coordinate as
t =  and xi = s 
i: (5.7)
In order to relate the former coordinate x
0
to the Fermi normal coordinate
dened in Eq. (5.7), we solve the spacelike geodesics  order by order as follows.
We start with the geodesic equation
d2x
0
ds2
+  
0
00
dx
0
ds
dx
0
ds
= 0: (5.8)
Then, we expand x
0
(s) and  
0
00(s) as
x
0
(s) =
X
N=0
sN
N !

d
dsN
x
0

s=0
=:
X
N=0
sN
N !
x
0
(N); (5.9)
 
0
00(s) =
X
N=0
sN
N !

d
dsN
 
0
00

s=0
: (5.10)
65
From Eq. (5.6), we have
x
0
(1) = 

ie
0
(i): (5.11)
By substituting Eqs. (5.9) and (5.10) into Eq. (5.8) and by using Eq. (5.11), we
obtain x
0
(2) and x
0
(3) as
x
0
(2) =    
0
00

s=0
e
0
(i)e
0
(j)

i
j; (5.12)
x
0
(3) =

2  
0
00

s=0
 
0
00

s=0
  @0 000

s=0

e
0
(i)e
0
(j)e
0
(k)

i
j
k: (5.13)
By substituting Eqs. (5.11){(5.13) into Eq. (5.9) and by using Eq. (5.7), we obtain
x
0
= x
0
(0) + e
0
(i)x
i   1
2
 
0
00

s=0
e
0
(i)e
0
(j)x
ixj
+
1
6

2  
0
00

s=0
 
0
00

s=0
  @0 000

s=0

e
0
(i)e
0
(j)e
0
(k)x
ixjxk +O  xi4 :
(5.14)
By dierentiating Eq. (5.14) with respect to t, we obtain
@x
0
@t
=
@x
0
(0)
@t
+ xi
@
@t
e
0
(i)  
1
2
xixj
@
@t

 
0
00

s=0
e
0
(i)e
0
(j)

+ O(xi)3
= e
0
(0)    
0
00

s=0
e
0
(0)e
0
(j)x
j +

@0 
0
00   2 
0
0 0 
 0
00

s=0
e
0
(0)e
0
(j)e
0
(k)x
jxk
+ O(xi)3; (5.15)
where in the second equality we have used the relations
@
@t
e
0
(j) =    
0
00

s=0
e
0
(0)e
0
(j) and
@
@t
 
0
00

s=0
= e
0
(0) @0 
0
00

s=0
: (5.16)
By dierentiating Eq. (5.14) with respect to xi, we obtain
@x
0
@xi
= e
0
(i)    
0
00

s=0
e
0
(i)e
0
(j)x
j
+
1
6

4 
0
0 0 
 0
00 + 2 
0
0 0 
 0
00   2@0 
0
00   @0 
0
00

s=0
e
0
(i)e
0
(j)e
0
(k)x
jxk
+O(xi)3: (5.17)
Eqs. (5.15) and (5.17) give the coordinate transformation between the former coor-
dinate x
0
and the Fermi coordinate x. Once we give the metric g00 and choose the
tetrad e
0
() in the former coordinate, we can construct the Fermi normal coordinate
by using the transformation (5.15) and (5.17).
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5.1.2 Metric and stress-energy tensor in Fermi normal co-
ordinates
We compute the metric and stress-energy tensor of dust T  = uu in Fermi
normal coordinates by using the coordinate transformation (5.15) and (5.17). As an
example for the computations, we derive the 4-velocity u in the Fermi coordinate.
Under the coordinate transformation, the u transforms as
u =
@x
0
@x
u0 : (5.18)
The u0 can be expanded around s = 0 as
u0 = u0js=0 + @0u0js=0 x
0
+ @0@0u0js=0 x
0
x
0
+    ; (5.19)
where x
0
is dened as x
0
:= x
0   x0
s=0
and by using Eq. (5.14) is given as
x
0
= e
0
(j)x
j   1
2
 
0
 00e
 0
(j)e
0
(k)x
jxk +O(xi)3: (5.20)
By substituting Eqs. (5.15), (5.17), (5.19) and (5.20) into Eq. (5.18), we obtain the
u in the Fermi coordinate as
u = u0js=0 e
0
() +

@0u0     000u 0

s=0
e
0
()e
0
(j)x
j +O  xi2 : (5.21)
The energy density  in the Fermi coordinate is given as
(x) = (x
0
)

s=0
+ @0(x
0)

s=0
x
0
+   
= (x
0
)

s=0
+ @0(x
0)

s=0
e
0
(j)x
j +O(xi)2; (5.22)
where we have used Eq. (5.20) in the second equality.
As for the metric in the Fermi coordinate, after lengthy but straightforward
calculations, we obtain
g00 =  1  R^0i0jxixj +O
 
xi
3
; (5.23a)
g0i =  2
3
R^0jikx
jxk +O  xi3 ; (5.23b)
gij = ij   1
3
R^ikjlx
kxl +O  xi3 ; (5.23c)
where R^ is dened as
R^(t) := e
0
()e
0
()e
0
()e
0
()R0000 ; (5.24)
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Fermi frame
rL
timelike geodesic
Figure 5.1: A local cylindrical region in the spacetime covered by the Fermi-normal
coordinate (From Ref. [113]).
where R0000 is the Riemann tensor of the prior metric. For later convenience, we
dene hB as
hB00 :=  R^0i0jxixj; hB0i :=  
2
3
R^0jikx
jxk; hBij :=  
1
3
R^ikjlx
kxl: (5.25)
We represent the order of hB as
O  hB = O jxjR
2
=: 2; (5.26)
where R is the curvature radius of the spacetime we consider. Here, we have intro-
duced a dimensionless parameter  which was dened in Eq. (5.1). Although the
denition of  in Eq. (5.1) is dierent from that in Eq. (5.26), we will consider a
situation jxj  `N in the next section. Then, we rewrite the metric in Eqs. (5.23a){
(5.23c) by using Eqs. (5.25) and (5.26) as
g =  + 
2 hB +O(3): (5.27)
As far as   1, the Fermi-normal coordinate is admissible for all times. Fig. 5.1
shows a cylindrical region in the spacetime covered by the Fermi-normal coordinate.
5.1.3 LTB cosmological model in Fermi normal coordinates
We apply the Fermi-normal coordinate expansion to the LTB cosmological model.
We consider the synchronous comoving coordinate as the prior coordinate x
0
. As
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seen in Chap. 2, the line element and the stress-energy tensor of the LTB spacetime,
in the synchronous comoving coordinate, are given by
ds2 =  dt02 + (@r0R(t
0; r0))2
1  k(r0) dr
02 +R2(t0; r0)
 
d02 + sin2 0d02

; (5.28)
T 
00 = (t0; r0)u
0
u
0
; (5.29)
where we denote the former coordinate as (t0; r0; 0; 0). To construct the Fermi coor-
dinate, we choose a worldline of a dust which stays at a constant spatial coordinate
(r0; 0; 0) = (r00; 
0
0; 
0
0) as the fundamental timelike geodesic  in the Fermi-normal
coordinate. In this situation, we can naturally choose the parallel transported tetrad
which satises Eq. (5.3) as
e
0
(0) = u
0 = (1; 0; 0; 0); (5.30a)
e
0
(1) =

0;
p
1  k(r00)=@r0R(t0; r00); 0; 0

; (5.30b)
e
0
(2) = (0; 0; 1=R(t
0; r00); 0) ; (5.30c)
e
0
(3) = (0; 0; 0; 1=R(t
0; r00) sin 
0
0) : (5.30d)
By substituting Eqs. (5.29) and (5.30a){(5.30d) into Eq. (5.22), we obtain the energy
density in the Fermi coordinate as
(t;x) = jr00;00;00 + x
1
" p
1  k(r0)
@r0R(t0; r0)
!
@r0
#
r00;
0
0;
0
0
+O(xi)2
=: L(t) + x1
" p
1  k(r0)
R(t0; r0)
!
@r0
#
r00;
0
0;
0
0
+O(xi)2; (5.31)
where we dened a local density L(t) which depends only on the time coordinate.
By substituting Eqs. (5.29) and (5.30a){(5.30d) into Eq. (5.21), we obtain the 4-
velocity in the Fermi coordinate as
u0(t; xi) = 1 +O(xi)2; (5.32a)
u1(t; xi) = Hk

r00;
0
0;
0
0
x1 +O(xi)2 =: HLk (t)x1 +O(xi)2; (5.32b)
u2(t; xi) = H?jr00;00;00 x
2 +O(xi)2 =: HL?(t)x2 +O(xi)2; (5.32c)
u3(t; xi) = H?jr00;00;00 x
3 +O(xi)2 =: HL?(t)x3 +O(xi)2; (5.32d)
where we dened a local Hubble functions HLk (t) and H
L
?(t) which depend only on
the time coordinate. By using Eqs. (5.32a){(5.32d), the 3-velocity vi in the Fermi
coordinate is given as
vi =
ui
u0
= Hij(t)x
j +O(xi)2; (5.33)
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where we dene Hij as
Hij(t) =
0B@ H
L
k (t) 0 0
0 HL?(t) 0
0 0 HL?(t)
1CA : (5.34)
As for the metric, by substituting Eqs. (5.28) and (5.30a){(5.30d) into Eq. (5.25)
and by computing Riemann tensors in the former coordinate, we obtain hB as
hB00 =  K1(t)(x1)2  K2(t)

(x2)2 + (x3)2

; (5.35a)
hB11 =  
1
3
K3(t)

(x2)2 + (x3)2

; (5.35b)
hB12 =
1
3
K3(t)x
1x2; (5.35c)
hB13 =
1
3
K3(t)x
1x3; (5.35d)
hB22 =  
1
3
K3(t)(x
1)2   1
3
K4(t)(x
3)2; (5.35e)
hB23 =
1
3
K4(t)x
2x3; (5.35f)
hB33 =  
1
3
K3(t)(x
1)2   1
3
K4(t)(x
2)2; (5.35g)
and hB0i = 0, where K1(t), K2(t), K3(t) and K4(t) are dened as
K1(t) =   @
2
t @rR
@rR

r00;
0
0;
0
0
; (5.36a)
K2(t) =   @
2
tR
R

r00;
0
0;
0
0
; (5.36b)
K3(t) =

HjjH? +
@rk
2R@rR

r00;
0
0;
0
0
; (5.36c)
K4(t) =

H2? +
k
R2

r00;
0
0;
0
0
: (5.36d)
From Eq. (5.14), the former coordinate is related to the Fermi coordinate as
t0 = tF   1
2
(x1)2HLk (t) 
1
2

(x2)2 + (x3)2

HL?(t) +O
 
xi
3
; (5.37a)
r0   r00 =
 p
1  k(r0)
@r0R(t0; r0)
!
r00;
0
0;
0
0
x1 +O  xi2 ; (5.37b)
0   00 =

1
R(t0; r0)

r00;
0
0;
0
0
x2 +O  xi2 ; (5.37c)
0   00 =

1
R(t0; r0) sin 0

r00;
0
0;
0
0
x2 +O  xi2 : (5.37d)
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To see the local behavior of the LTB spacetime, we introduce a local 3-velocity
viL and a local Potential 
L from Eqs. (5.33) and (5.35a) as
viL(t; x
i) := Hij(t)x
j; and L(t; xi) :=  1
2
hB00: (5.38)
If we neglect higher corrections of the Fermi-normal coordinate expansion, the local
behavior of the LTB spacetime is determined by the local quantities L, viL and
L, as we will see below. From the conservation in the LTB spacetime given in
Eq. (2.19), the local density and the local 3-velocity are related as
@
@t
L +
@
@xj
 
LvjL

= 0: (5.39)
By using Eqs. (5.34) and (5.35a), we obtain the relation between viL and 
L as
@
@t
viL + v
j
L
@
@xj
viL =  
@
@xi
L: (5.40)
By using the relation given in Eq. (2.18), we obtain the relation between L and L
as
r2L = 4L; (5.41)
where we dene r2 = ij@2=@xi@xj. From Eqs. (5.39), (5.40) and (5.41), we can
see that the relations of the local quantities have the same form to the equations
of a Newtonian self-gravitating system of a non-relativistic uid, where the Conti-
nuity equation (5.39), the Euler equation (5.40) and the Poisson equation (5.41).
This means that the LTB cosmological model under a local approximation can be
regarded as a solution of Newtonian hydrodynamics. Since the local density only
depends on the time coordinate, we expect that the LTB cosmological model with
local approximation corresponds to a Newtonian uid with a homogeneous density
 = (t). From the property of local quantities, we conclude that the LTB cosmolog-
ical model can be reduced to an universe with homogeneous density and anisotropic
volume expansion under a local approximation.
It is worthwhile to write down the metric of the LTB spacetime with weak eld
approximation in a spherical Fermi-normal coordinate. We dene a spherical Fermi-
normal coordinate (rF;;) from the Fermi-normal coordinate x
 as
x1 = rF cos; x
2 = rF sin sin; x
3 = rF sin cos: (5.42)
The metric in the spherical Fermi-normal coordinate (see also [117]) is given by
ds2 =    1 +K1(t)r2F cos2+K2(t)r2F sin2 dt2
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+ dr2F +
"
1  1
3

HjjH? +
@r0k(r
0
)
2r0ajja?

r00
0
0
0
0
r2F
#
r2F
 
d2 + sin2d2

+
1
3

HjjH?  H2? +
@r0k(r
0
)
2r0ajja?
  k(r
0
)
a2?

r00
0
0
0
0
r4F sin
2d2 +O()3;
(5.43)
If we take the limit to FLRW universes, the functions approach k(r) ! Kr2 and
ak;? ! a, and accordingly the metric (5.43) is reduced to
ds2 =  

1  a
a
r2F

dt2
+ dr2F +

1  1
3

H2 +
K
a2

r2F

r2F
 
d2 + sin2d2

+O()3: (5.44)
From Eq. (5.44), we can see that gravitational elds of the FLRW universe appear
as small corrections of the order r2FH
2 in the local coordinate.
5.2 Derivation of Newtonian hydrodynamical equa-
tions in LTB cosmological model under the
local approximation
The purpose of this section is to derive eld equations governing Newtonian self-
gravitating system in the LTB cosmological model. To perform this, we add local
inhomogeneities which represent the cosmic structures such as galaxies and clusters
to the background LTB spacetime. The metric and stress-energy tensor of the LTB
cosmological model with the cosmic structures are given as
g = g
B
 + h
N
 ; (5.45)
T  = T B + T

N ; (5.46)
where gB and T

B denote the metric and the stress-energy tensor of the background
LTB cosmological model in the Fermi-normal coordinate and are given as
gB =  + 
2 hB +O()3; (5.47)
T 00B = 
L +O(); (5.48)
T 0iB =  
LviL +O(2); (5.49)
T ijB = 
2 LviLv
j
L +O(3); (5.50)
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and hN and T

N represent the metric and the stress-energy tensor coming from the
cosmic structures which is well described by the Cosmological Newtonian approxi-
mation.
5.2.1 Expansion parameters and gauge xing
As discussed above, the local inhomogeneities coming from the cosmic structures
are characterized by two expansion parameters  and  given in Eq. (5.1). Since the
size of the structures `N is much smaller than the curvature radius R, we only need
a local coordinate that suciently cover a region contains the local structures. In
this situation, the small parameter  introduced in Eq. (5.26) coincides with the 
in Eq. (5.1):
 = O
 jxj
R

 O

`N
R

: (5.51)
In other words,  is used in expanding both the background and the local inhomo-
geneities.
We have two time-scales in this system: one is the cosmic time-scale and the
other comes from the local inhomogeneities which are dened as
Tage :=
R
c
and tN :=
`N
vN
: (5.52)
These time-scales are important since they are related to a ratio of the two param-
eters as
Tage
tN
=


: (5.53)
From this, we assume that the order of time derivative for the local inhomogeneities
is related to that of spatial derivative as
O

@
c@t


= O

@
@x


for  > ; (5.54a)
O

@
c@t


= O

@
@x


for  < ; (5.54b)
where we introduced  as a representative quantity describe the local inhomo-
geneities. This means that the ordering for the system depends on the magnitude
relationship between  and . In the next subsection, we consider the system divid-
ing into three cases:  > ,  =  and  < , depending on physical situations under
consideration.
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Here, we briey review magnitudes of  and  in three cases. If we focus on
the solar system, the orbital speed of the earth is about vN  30km=s and we have
  10 4. The order of the  is estimated as  = 1AU=3Gpc  0:2  10 14, where
we assumed the curvature radius is 3Gpc. Thus the solar system is the case of
  . If we see clusters of galaxies whose velocity dispersion is about 1000km=s
and spatial scale is about 10Mpc, we have     0:3  10 2. If we consider the
scale of the BAO, the velocity dispersion is about 600km=s and the spatial scale is
about 100Mpc. Thus we have   0:2 10 2 <   0:3 10 1.
We give the order of the stress energy tensor T N . Since we consider dust-lled
universe, T N is given as
T N = Nu

Nu

N: (5.55)
Then we dene the density perturbation N, the peculiar velocity v
i
N and the Gamma
factor  N of the local structures as
N =
N
B
; viN =
uiN
u0N
;  N = u
0: (5.56)
We assume the order of viN and  N as
viN =  v
i
N; and  N = 1 +O()2: (5.57)
The order of N is a little complicated. To estimate the order of the density contrast
N, we assume the Newtonian relation
Gjxj2
c2
 jvj
2
c2
; (5.58)
for the whole system. By applying Eq. (5.58), we obtain
2
GBjxj2
c2

(1 + N) 


vB
c
+ 
vN
c
2
) N = O( 1) +O(2 2); (5.59)
where we have used the relation GB  c2R 2. From this, we assume the magnitude
of the density contrast as
N = 
 22 N for  > ; (5.60a)
N = 
 1 N for  < : (5.60b)
From Eqs. (5.60a) and (5.60b), we can see the density contrast becomes N  1
when   is satised. This corresponds to the case of linear perturbations, as we
will see it later.
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As for the metric hN , the order of magnitude is determined through the Einstein
equations, and we will see it in the next subsection. We give the gauge condition as
follows. Since we assume the self-gravity of the local structure is weak jhN j  1, we
neglect the nonlinear terms about hN . By this assumption, the gauge transformation
for hN is written as
hN ! = hN + @ + @   2 B ; (5.61)
where  represents the gauge eld and
B  is the connection of the background
metric gB . Since we use the Fermi coordinate for the background, we have
B  =
2 B  . We neglect the higher orders of  and the gauge transformation is reduced
to
hN ! hN + @ + @: (5.62)
Then, we can x the gauge condition in the same way that on the Minkowski space-
time as 2
@hN = 0; (5.63)
where we dened the trace-reversed tensor as hN := h
N
   12(hN). The
Einstein tensor can be decomposed as G = G
B
 + G , where G
B
 and G
denote the background part and the perturbed part, respectively. We write them
schematically:
GB = G

@2hB

+G

@2
 
hBhB

+    ; (5.64)
G = G

@2hN

+G

@2
 
hBhN

+G

@2
 
hNhN

+    : (5.65)
We can see the rst term of the right hand side in Eq. (5.64) is of the order of R 22,
and larger than other parts as far as  < 1. We can also see that the rst term of
the right hand side in Eq. (5.65) is of the order of ` 2N h
N, and larger than other parts
as far as  < 1 and jhN j < 1. We only consider the rst terms of the right hand
sides in Eqs. (5.64) and (5.64), in the range of the Newtonian approximation. Under
the gauge condition (5.63), the dominant term of the perturbed Einstein tensor in
Eq. (5.65) can be written as
G [@
2h] =  1
2

  @
2
@t2
+ ij
@2
@xi@xj

hN '  
1
2
r2hN ; (5.66)
where we have neglected time derivative by using Eqs. (5.54a) and (5.54b).
2Fixing the gauge condition in the Newtonian order is guaranteed by the uniqueness of the
solution for the equation r2 + @jhj = 0 with a suitable boundary condition [118].
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5.2.2 Case analysis of Newtonian self-gravitating system
In the previous subsection, we showed that the ordering of @t and N concerning the
local inhomogeneities depends on the ratio of =. In this subsection, we derive the
Newtonian equations by classifying the system into three cases,  > ,  =  and
 < .
In the case of  > 
First we derive Newtonian equations for the local inhomogeneities in the case of
 > . By using Eqs. (5.55), (5.56) and (5.66), the perturbed part of the Einstein
equations are given, at leading order, as
r2hN00 =  16GBN; (5.67a)
r2hN0i =  16GBNviN; (5.67b)
r2hNij =  16GBNviNvjN: (5.67c)
From Eqs. (5.67a){(5.67c) together with Eqs. (5.57) and (5.60a), we obtain the
ordering of each components of hN as
hN00 = O(2); hN0i = O(3); hT = O(2); hTLij = O(4); (5.68)
where hT and hTLij are trace part and traceless part of h
N
ij and given as hij =
1
3
hTij+
hTLij . When we derive the eld equations at the leading order, we only need the
conservation low rT  = 0 and (00) component of the Einstein equation:
@0+ @i(v
i) = 
  0    ivi +   000 + 2 00ivi +  0ijvivj ; (5.69a)
@0v
i + vj@jv
i =   i00   2 i0jvj    ijkvjvk +
 
 000 + 2 
0
0jv
j +  0jkv
jvk

vi; (5.69b)
G00 = 8G T00; (5.69c)
By substituting Eqs. (5.45) and (5.46) into Eqs. (5.69a){(5.69c) and subtracting
the background part governed by Eqs. (5.39), (5.40) and (5.41), we obtain, under
the ordering (5.54a), (5.57), (5.60a) and (5.68), eld equations governing the local
inhomogeneities as

@
@t
+  viB
@
@xi

 22N +
@
@xi

(1 +  22N) viN

+O(2) = 0; (5.70a)

@
@t
+  vjB
@
@xj

 viN +  v
j
N
@
@xj
 viB +  v
j
N
@
@xj
 viN +O(2) =  
@
@xi
2N;
(5.70b)
2N +O(2) = 2 r 24G BN;
(5.70c)
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where N denotes Newtonian potential which is dened as N :=  12hN00, and we
introduced the inverse Laplacian r 2 to clarify the ordering of the derived equation.
Then, we see the structure of the derived equations (5.70a){(5.70c). If we neglect
higher-order terms and only include the leading terms in Eqs. (5.70a){(5.70c), the
equations are reduced to
 23
@
@t
N + 
 23
@
@xi
(Nv
i
N) = 0; (5.71a)
2
@
@t
viN + 
2vjN
@
@xj
viN =  2
@
@xi
N; (5.71b)
2N = 
2r 24GBN: (5.71c)
We can see that Eqs. (5.71a){(5.71c) are same to Newtonian equations for the self-
gravitating system in Minkowski spacetime, as we expected. The eects of the
background spacetimes appear when we go to next orders. Including next-to-leading
orders in Eqs. (5.70a){(5.70c), we obtain

@
@t
+  viB
@
@xi

 22N +
@
@xi

(1 +  22N) viN

= 0; (5.72a)

@
@t
+  vjB
@
@xj

 viN +  v
j
N
@
@xj
 viB +  v
j
N
@
@xj
 viN =  
@
@xi
2N; (5.72b)
2N = 
2 r 24G BN; (5.72c)
where we have neglected corrections of O(2) in Eq. (5.70a), O(2) in Eq. (5.70b)
and O(2) in Eq. (5.70c), since they are still higher-order terms than the terms we
have included. Eqs. (5.72a){(5.72c) govern dynamics of the local inhomogeneities
aected by the background LTB universe in the range of the Newtonian approxima-
tion. We can see that the eects of the background appear as the velocity eld viB
and the density B, and they become important when  approaches to .
In the case of  = 
Second we derive the Newtonian equations in the case of  = . In this case, we can
describe inhomogeneities with one small-parameter , by setting  = . By taking
the limit of !  in Eqs. (5.70a){(5.70c), we obtain eld equations as

@
@t
+  viB
@
@xi

N +
@
@xi

(1 + N) v
i
N

+O(2) = 0; (5.73a)

@
@t
+  vjB
@
@xj

 viN +  v
j
N
@
@xj
 viB +  v
j
N
@
@xj
 viN +O(3) =  
@
@xi
2N; (5.73b)
2N +O(3) = 2 r 24G BN;
(5.73c)
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When we neglect higher orders in Eqs. (5.73a){(5.73c), we obtain eld equations, at
leading order, as

@
@t
+  viB
@
@xi

N +
@
@xi

(1 + N) v
i
N

= 0; (5.74a)

@
@t
+  vjB
@
@xj

 viN +  v
j
N
@
@xj
 viB +  v
j
N
@
@xj
 viN =  
@
@xi
2N; (5.74b)
2N = 
2 r 24G BN; (5.74c)
From Eqs. (5.74a){(5.74c), we can see the eects of the background spacetimes
appear at leading-order, which is dierent from the previous case. Since we cannot
neglect the background eects, we expect that the evolution of structures strongly
reects the background LTB universes through the velocity eld viB and the energy
density B.
In the case of  < 
Third we derive Newtonian equations in the case of  < . In this case, the ordering
for the the local inhomogeneities is quite dierent from that in the previous two
cases. By using Eqs. (5.55), (5.56) and (5.66), the perturbed part of the Einstein
equations are given, at leading order, as
r2hN00 =  16GBN; (5.75a)
r2hN0i =  16GB
 
viN + Nv
i
B

; (5.75b)
r2hNij =  16GB

viB
 
vjN + Nv
j
B

+ vjB
 
viN + Nv
i
B

: (5.75c)
By using Eqs. (5.75a){(5.75c) together with the ordering given in Eqs. (5.48), (5.49),
(5.50), (5.57) and (5.60b), we obtain the ordering of hN as
hN00 = O(); hN0i = O(2); hT = O(); hTLij = O(3): (5.76)
Here, we should note that the ordering of h in Eq. (5.76) is quite dierent from that
in Eq. (5.68). By substituting Eqs. (5.45) and (5.46) into Eqs. (5.69a){(5.69c) and
subtracting the background part governed by Eqs. (5.39), (5.40) and (5.41), we ob-
tain eld equations governing the local inhomogeneities, under the ordering (5.54b),
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(5.57), (5.60b) and (5.76), as

@
@t
+  viB
@
@xi

 1 N +
@
@xi

(1 +  1 N) viN

+O() = 0; (5.77a)

@
@t
+  vjB
@
@xj

 viN +  v
j
N
@
@xj
 viB +  v
j
N
@
@xj
 viN +O(2) =  
@
@xi
 N;
(5.77b)
 N +O(22) =  r 24GBN:
(5.77c)
If we neglect higher-orders in Eqs. (5.77a){(5.77c), we obtain eld equations, at
leading-order, as


@
@t
+ viB
@
@xi

N + 
@
@xi
viN = 0; (5.78a)


@
@t
+ vjB
@
@xj

viN +  v
j
N
@
@xj
viB =  
@
@xi
N; (5.78b)
 N =  r 24GBN: (5.78c)
From Eqs. (5.78a){(5.78c), we can see that the background eects appear through
viB and B, and the equations are linearized about the variables N, v
i
N and N. We
will show that the equations can be reduced to ordinary dierential equations in a
decoupled form, by performing the Fourier transformation to the perturbations. If
we include the terms of next-to-leading order in Eqs. (5.78a){(5.78c), we obtain the
eld equations

@
@t
+  viB
@
@xi

 1 N +
@
@xi

(1 +  1 N) viN

= 0; (5.79a)

@
@t
+  vjB
@
@xj

 viN +  v
j
N
@
@xj
 viB +  v
j
N
@
@xj
 viN =  
@
@xi
 N; (5.79b)
 N =  r 24GBN: (5.79c)
5.2.3 On the limit to FLRW universe model
To understand the derived equations more clearly, we take the limit of the LTB
cosmological models to the FLRW models as follows. Although we have derived
Newtonian equations about three cases, the derived equations about three cases
coincide with each other if we take the next-to-leading order terms into account.
Accordingly, we rewrite Eqs. (5.72a){(5.72c), Eqs. (5.74a){(5.74c) and Eqs. (5.79a){
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(5.79c) as 
@
@t
+ viB
@
@xi

N +
@
@xi

(1 + N)v
i
N

= 0; (5.80a)
@
@t
+ vjB
@
@xj

viN + v
j
N
@
@xj
viB + v
j
N
@
@xj
viN =  
@
@xi
N; (5.80b)
N = r 24GBN; (5.80c)
where we omitted the small parameters  and . This is our main result in this
chapter. The equations (5.80a){(5.80c) govern Newtonian self-gravitating system
in the LTB cosmological model. From Eqs. (5.80a){(5.80c), we can see that eects
of the background universe appear through B and v
i
B which represent the homo-
geneous density and the anisotropic volume expansion. Thus, we conclude that
Newtonian structures feel gravitational elds of the background universe like those
of a homogeneous and anisotropic universe.
To take the limit to the case of FLRW universes, we introduce a comoving
coordinate xic as
x1 = aLk (t)x
1
c; x
2 = aL?(t)x
2
c; x
3 = aL?(t)x
3
c; (5.81)
where xi denotes the Fermi-normal coordinate and aLk;? are dened as a
L
k;?(t) =
ak;?(t; r0), where ak;?(t; r) denote the scale factors of LTB spacetimes dened in
Eq. (2.14). By using Eq. (5.81), Eqs. (5.80a){(5.80c) are transformed as
@
@t
N +
1
aLjj(t)
@
@x1c

(1 + N)v
1
N

+
1
aL?(t)
@
@xIc

(1 + N)v
I
N

= 0; (5.82a)
@
@t
v1N +H
L
k (t)v
1
N +
"
1
aLjj(t)
v1N
@
@x1c
+
1
aL?(t)
vJN
@
@xJc
#
v1N =  
1
aLk (t)
@
@x1c
N; (5.82b)
@
@t
vIN +H
L
?(t)v
I
N +
"
1
aLjj(t)
v1N
@
@x1c
+
1
aL?(t)
vJN
@
@xJc
#
vIN =  
1
aL?(t)
@
@xIc
N; (5.82c)"
1 
aLk (t)
2 @2@x1c@x1c + 1 aL?(t)2 IJ @
2
@xIc@x
J
c
#
N = 4GB(t)N; (5.82d)
where we have used the relation
@
@t

xic=const:
=
@
@t
+ vjB
@
@xj
: (5.83)
By taking the limit of ak;? ! a, HLk;? ! H and B ! FLRW for the equa-
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tions (5.82a){(5.82d), we obtain
@
@t
N +
1
a(t)
@
@xic

(1 + N)v
i
N

= 0; (5.84a)
@
@t
vjN +H(t)v
j
N +
1
a(t)
viN
@
@xic
vjN =  
1
a(t)
@
@xjc
N; (5.84b)
1
a2(t)
ij
@2
@xic@x
j
c
N = 4G
FLRW(t)N: (5.84c)
The equations (5.84a){(5.84c) are none other than well-known Newtonian equations
in FLRW universes. Thus, our results given in Eqs. (5.82a){(5.82d) can be rec-
ognized as a generalization of Newtonian equations of a uid with self-gravity in
homogeneous and isotropic universes to the case of the inhomogeneous universe.
5.2.4 On the N-body simulations
We have to study the numerical N-body simulations to solve the derived nonlinear
equations (5.80a){(5.80c). Although this is left for a future work, we derive equations
of motion of particles in the N-body simulations. First, we assume the energy density
as
(t; xi) = B(t)
 
1 + N(t; x
i)

= m
NX
I=1

(3)
D
 
xi   xi(I)(t)

; (5.85)
where the subscript (I) denotes a label of each particles, m denotes the mass of
each particles and 
(3)
D represents the Dirac's delta function. By solving the Poisson
equation (5.80c), we have a solution
N(t;x) =  G
Z
d3x
0 B(t)N(t;x
0
)
jx  x0j : (5.86)
By substituting Eqs. (5.85) and (5.86) into the Euler equation (5.80b), we obtain
equation of motion of particle (I) as
d
dt
xi(I) = Hij(t; r0)x
j
(I) + v
i
N(I); (5.87)
d
dt
viN(I) =  Hij(t; r0)vjN(I) + gi(I); (5.88)
gi(I) = Gm
X
J(J 6=I)
xi(I)   xi(J)xi(I)   xi(J)3 ; (5.89)
where we have used the total time derivative dened as
d
dt
=
@
@t
+ viB
@
@xi
+ viN
@
@xi
:
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From the equation (5.87), we can see that the velocity of particles contains the
Hubble ow of the LTB cosmological model, Hijx
j, and the peculiar velocity, viN.
From the equations (5.88) and (5.89), we can see that the volume expansion, Hij,
appears as a friction term of the equation of motion and the gravitational eld, gi(I),
denotes the Newtonian gravitational force from all other particles.
If we take the limit of Hij(t; r0)! H(t)ij, Eqs. (5.87){(5.89) can be reduced to
the equations of motion in the N-body simulations in the homogeneous and isotropic
FLRW universes. This implies that we can apply the well-developed method of the
N-body simulations in the FLRW universes to the case of our interest. As for the
initial condition, since we consider a huge void model which approaches to a FLRW
universe at suciently early times, we assume that the initial particle positions are
governed by the power spectrum in the FLRW universe. Here, it should be noted
that r0 is a parameter of the simulation. If we practice numerical simulations for
each local patch characterized by the parameter r0, we obtain a result of cosmic
structure formation of all spatial region in the LTB void universe model.
5.3 Analysis of linear perturbations
5.3.1 Linear perturbation equations
We solve the derived equations of Newtonian self-gravitating system in the LTB
cosmological model by using a linear approximation. By linearizing the equa-
tions (5.80a){(5.80c) about the quantities N, v
i
N and N, we obtain
@
@t
+ vjB
@
@xj

N +
@
@xj
vjN = 0; (5.90)
@
@t
+ vjB
@
@xj

viN +Hijv
j
N =  
@
@xi
N; (5.91)
r2N = 4GBN; (5.92)
where Hij(t) denotes the local volume expansion of the background model dened
in Eq. (5.34). Here, we note that Eqs. (5.90), (5.91) and (5.92) are equivalent to
the equations (5.78a){(5.78c). To solve the linearized equations, we introduce the
kinematic quantities about the 3-velocity vi as
@
@xj
vi = @jvi =
1
3
ij + ij + !ij; (5.93)
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where , ij and !ij describe the expansion, shear and vorticity of the uid ow and
are dened as
 = @jvj; (5.94)
ij = hiji =
1
2
(@jvi + @ivj)  1
3
ij; (5.95)
!ij = ![ij] =
1
2
(@jvi   @ivj) : (5.96)
Here, we note that the 3-velocity includes both the background and Newtonian 3-
velocities, vi = viB + v
i
N. By using Eqs. (5.34), (5.38) and (5.93), the kinematic
quantities of the background uid viB are obtained as
B(t) = H
L
k (t) + 2H
L
?(t); (5.97)
Bij(t) =
0BB@
2
3

HLk (t) HL?(t)

0 0
0  1
2
B11 0
0 0  1
2
B11
1CCA ; (5.98)
and
!Bij(t) = 0: (5.99)
We introduce the total time derivative along the uid ow as
d
dt
:=
@
@t
+ vj
@
@xj
: (5.100)
By using Eqs. (5.93), (5.94), (5.95), (5.96), (5.97), (5.98), (5.99) and (5.100), the
linear perturbation equations (5.90){(5.92) are reduced to
d
dt
(N) =  (N); (5.101a)
d
dt
(N) =  2
3
(B)(N)   2(B)ij(N)ji   4G(B)(N); (5.101b)
d
dt
(N)ij =  2
3
(B)(N)ij   2
3
(N)(B)ij  
 
(B)ki(N)jk + (B)kj(N)ik
TL   @TLij N;
(5.101c)
d
dt
!(N)ij =  2
3
(B)!(N)ij + (B)ki!(N)jk   (B)kj!(N)ik; (5.101d)
r2(N) = 4G(B)(N);
(5.101e)
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where the subscripts (B) and (N) represent the quantities of the background and
the perturbation, respectively, and the superscript TL denotes the traceless of the
symmetric tensor dened as 
(B)ki(N)jk + (B)kj(N)ik
TL
=
 
(B)ki(N)jk + (B)kj(N)ik
  2
3
(B)kl(N)lkij;
@TLij N =

@i@j   1
3
r2ij

N:
To solve the equations (5.101a){(5.101e), we assume a periodic boundary condi-
tion about the perturbations. Then, we perform the Fourier transform for the linear
perturbations as
N(t; x
i) =
Z
d3k
(2)3=2
eikx~N(t; ki); (5.102)
and N, 
N
ij, !
N
ij and N are transformed in the similar way. By performing the
Fourier transform (5.102) to the equations (5.101a){(5.101e), we obtain
d
dt
~(N) =  ~(N); (5.103a)
d
dt
~(N) =  2
3
(B)~(N)   2(B)ij~(N)ji   4G(B)~(N); (5.103b)
d
dt
~(N)ij =  2
3
(B)~(N)ij   2
3
~(N)(B)ij  
 
(B)ki~(N)jk + (B)kj~(N)ik
TL
+

kikj   1
3
k2ij

~N; (5.103c)
d
dt
~!(N)ij =  2
3
(B)~!(N)ij + (B)ki~!(N)jk   (B)kj ~!(N)ik; (5.103d)
 k2 ~(N) = 4G(B)~(N); (5.103e)
where k is dened as k2 = ijk
ikj. From Eqs. (5.103a){(5.103e), we can see that the
linear perturbation equations are reduced to a decoupled set of ordinary dierential
equations about each Fourier modes. This is a very dierent result from the case of
relativistic linear perturbations in LTB models discussed in x 3.1. This is because
that the background quantities, B, B and (B)ij, only depend on the time coordi-
nate. Although background quantities in LTB spacetimes are functions of the time
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and the radial coordinate in general, we neglected the radial dependence of them by
applying the local approximation in x 5.1. This is a main point of our approximation
to the Newtonian structure formation in the LTB cosmological model.
5.3.2 Evolution of vorticity elds
We solve the linear perturbation equations (5.103a){(5.103e). First, we consider the
vorticity !Nij. From Eq. (5.103d), we can see that the vorticity is decoupled to other
perturbation quantities. This is because the vorticity of the background is zero as
shown in Eq. (5.99). By using Eqs. (5.97) and (5.98), the evolution equation (5.103d)
is written as
d
dt
~!N12 =  
 
HLk (t) +H
L
?(t)

~!N12; (5.104)
d
dt
~!N13 =  
 
HLk (t) +H
L
?(t)

~!N13; (5.105)
d
dt
~!N23 =  2HL?(t)~!N23: (5.106)
By solving Eqs. (5.104) and (5.105), we obtain
~!N12(t;k) =
C12(k)
aLk (t)a
L
?(t)
; and ~!N13(t;k) =
C13(k)
aLk (t)a
L
?(t)
; (5.107)
where C12 and C13 are arbitrary functions of k
i. Similarly, by solving Eq. (5.106),
we obtain
~!N23(t;k) =
C23(k)
(aL?(t))
2 ; (5.108)
where C23 is an arbitrary function of k
i. From the solutions (5.107) and (5.108), we
can see that the vorticity decays as time grows, since both scale factors grows as
time grows in the LTB universe model. In the case of FLRW cosmological models, it
is known that the linear vorticity decays as !ij / a 2(t). Since the evolution of scale
factors in the LTB models is signicantly dierent from that in the FLRW models,
we conclude that the evolution of the linear vorticity elds in the LTB models diers
from that in the homogeneous and isotropic universes.
Here, we note that the vorticity corresponds to the vector mode of the 3-velocity.
As is well known, the irreducible scalar and vector decomposition of vi is given as
vi =
@
@xi
S + V i; where
@
@xi
V i = 0: (5.109)
By using Eqs. (5.96) and (5.109), we can see that
!ij =
1
2
(@jVi   @iVj) : (5.110)
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Thus, we conclude that the vector mode, V i, of the Newtonian 3-velocity viN decays
as the universe expands in the LTB cosmological models.
5.3.3 Evolution of density perturbations
As we saw in the previous subsection, the vorticity eld is decoupled from other
perturbations. By contrast, we can see from Eqs. (5.103a){(5.103e) that other per-
turbations, N, N, 
N
ij and N, are coupled each other. In this subsection, we solve
the coupled equations numerically and study the growth of density perturbations.
By using Eqs. (5.98) and (5.103a){(5.103e), we obtain the evolution equations for
the density perturbations as
d
dt
~N =  ~N; (5.111)
d
dt
~N =  2
3
B~N   3B11~N11   4GB~N; (5.112)
d
dt
~N11 =  
2
3
B11
~N   2
3
B~
N
11   B11~N11   4GB

2   1
3

~N;
(5.113)
where  is dened as  = k1=k. We can obtain the perturbations N, N and 
N
11 by
solving a set of the coupled equations (5.111), (5.112) and (5.113). Once N, N and
N11 are obtained, other components of the shear 
N
ij and the Newtonian potential N
can be determined through Eqs. (5.103c) and (5.103e).
To solve the ordinary dierential equations (5.111), (5.112) and (5.113), we as-
sume the initial conditions as follows. We consider a huge void universe model which
has the uniform Big-Bang time tB(r) = 0 and approaches to the Einstein de-Sitter
universe model at r ! 1. Then we assume the power spectrum of perturbations
in a huge void model is same to that in the Einstein de-Sitter universe model at
suciently early time. By neglecting the decaying mode for perturbations, we set
the initial conditions as
~N(ti;k) = t
2=3
i 
i(k); (5.114)
~N(ti;k) =  2
3
t
 1=3
i 
i(k); (5.115)
~N11(ti;k) =  2
3
t
 1=3
i

2   1
3

i(k); (5.116)
where ti denotes the initial time, and 
i(k) represents the density perturbation at
the initial time and has the stochastic property
hi(k)i(k0)i = P (k)3D(k  k
0
); (5.117)
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where D denotes the Dirac's delta function, and P (k) represents the power spectrum
dened in Eq. (4.6). From Eqs. (5.111){(5.113) and the conditions (5.114){(5.116),
the density perturbation can be described as
~N(t;k) = D
+(t; )i(k); (5.118)
where we dened D+(t; ) as a growth factor of the density perturbations in the
LTB model. The  dependence of the growth factor comes from the term of the
right hand side in Eq. (5.113). Since the evolution of the shear perturbation N11
depends on  and the density perturbation couples to the shear perturbation N11
due to the existence of B11, we can see that the  dependence of the growth factor
is originally from the anisotropy of the volume expansion, that is, the existence of
the background shear.
Here, we recall that we have a parameter r0 for the background quantities in the
local approximation, that is, B(t) = B(t; r0) and H
B
k;?(t) = H
B
k;?(t; r0). Thus, the
growth factor dened in Eq. (5.118) should be represented as
~N(t;k; r0) = D
+(t; ; r0)
i(k): (5.119)
The r0 dependence of the growth factor comes from the radial inhomogeneity of the
background LTB cosmological models.
In order to study the evolution of growth factors D+(t; ; r0), we consider a toy
LTB model that has the uniform Big-Bang time and the density-parameter function

M(r) dened in Eq. (2.16) is given as

M(r) = 
out   (
out   
in) e r2=(22); (5.120)
where 
out = 1:0, 
in = 0:3 and  = 0:5. In g. 5.2, we plot the energy density
divided by its value at the center in a toy LTB model on the spacelike hypersurface
for t = t0 as a function of the radial coordinate. We can see that a toy model has a
void structure whose size is about 0:7 r=(ct0) and amplitude becomes nonlinear at the
present time. The vicinity of the center is locally the dust lled FLRW model with
the cosmological parameter 
M = 0:3, whereas the asymptotic region is almost the
same as the dust lled FLRW model with 
M = 1:0. In g. 5.3, we plot the Hubble
functions, Hk(t; r) and H?(t; r), in a toy LTB model on the spacelike hypersurface
for t = t0 as functions of the radial coordinate. From g. 5.3, we can see that The
Hubble functions at the center is larger than those at o central region, since the
matter density at the center is least. In g. 5.4, we plot the normalized shear,
(t; r) dened in Eq. (2.22), in a toy LTB model on the spacelike hypersurfaces
for t = t0, as a function of r. From g. 5.4, we can see that the peak position of the
normalized shear is located around the edge of the void structure.
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Figure 5.2: The energy density in a toy LTB model on the spacelike hypersurface
for t = t0 as a function of the radial coordinate.
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Figure 5.3: The Hubble functions, Hk(t; r) and H?(t; r), in a toy LTB model on the
spacelike hypersurface for t = t0 as functions of the radial coordinate.
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Figure 5.4: The normalized shear, (t; r), in a toy LTB model on the spacelike
hypersurfaces for t = t0, as a function of r.
By numerically solving the perturbation equations (5.111){(5.113) with the ini-
tial conditions (5.114){(5.116) for the LTB model (5.120), we obtained the growth
factors D+(t; ; r0) in the LTB model. In g. 5.5, we plot the growth factors,
D+(t; ; r0), at r0 = 0:6c
 1t 10 as functions on  on t = 0:01t0, t = 0:5t0 and
t = t0. From g 5.5, we can see that the anisotropy of the growth factor, that
t=t0
t=0.5t0
t=0.01t0
D+ Ht, ΜL
D+ Ht, 0L
0.0 0.2 0.4 0.6 0.8 1.0
1.00
1.02
1.04
1.06
1.08
Μ
Figure 5.5: The growth factors, D+(t; ; r0), in a toy LTB model at r0 = 0:6 as
functions on  on t = 0:01t0, t = 0:5t0 and t = t0.
is, the  dependence of the growth factors, grows as time grows. At the present
time, the anisotropy of the growth factor is about 10%. Thus, we conclude that
non-negligible eects on the anisotropy for the growth factors appear in a typical
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void universe model. From g 5.5, we can also see that the growth factors of  = 1
is larger that that of  = 0. This means that the growth of density perturbations
in the radial direction for the central observer is faster than that in the transverse
direction. This is because that the volume expansion rate of the radial direction,
Hk, which disturbs the growth of structures is smaller than that of the transverse
direction, H?, in the LTB model (see g. 5.4). In g. 5.6, we plot the growth factors,
D+(t; ; r0), for  = 0 as functions of t=t0 at r0 = 0, r0 = 0:4c
 1t 10 , r0 = 0:8c
 1t 10
and r0 = 1:2c
 1t 10 . From g 5.6, we can see that the speed of growth is an increas-
r0=0
r0=0.4
r0=0.8
r0=1.2D+Ht,0;r0L
0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
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Figure 5.6: The growth factors, D+(t; ; r0), for  = 0 in a toy LTB model as
functions of t=t0 at r0 = 0, r0 = 0:4c
 1t 10 , r0 = 0:8c
 1t 10 and r0 = 1:2c
 1t 10 .
ing function of the radial distance from the center of the void. This can be explained
by the fact that the background matter density in the void model is a monotonically
increasing function of r, because the growth rates of perturbations in dust-FLRW
models are monotonically increasing function of 
M.
5.4 Conclusion and Discussion
We have studied a Newtonian self-gravitating system in the LTB cosmological mod-
els by applying a local approximation to the background LTB models and a Cosmo-
logical Newtonian approximation to the perturbations. First, we introduced a local
approximation which is applicable to a small spatial region in the universe based on
the Fermi-normal coordinate expansion. Then, we have shown that the background
LTB models can be reduced to a locally homogeneous and anisotropic dust universe
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under the local approximation from Eqs. (5.39){(5.41). This result shows that a
local FLRW approximation in which suciently small region is assumed to be the
same as the FLRW universe is not applicable to the LTB cosmological models.
Next, we have added Newtonian inhomogeneities in the LTB models under the
local approximation. By using a Cosmological Newtonian approximation which is
characterized by two small expansion parameters,  and , dened in Eq. (5.1),
we derived Newtonian hydrodynamical equations of a self-gravitating system in the
LTB models for the rst time in Eqs. (5.80a){(5.80c). We expect that the evolu-
tion of Newtonian structures in the LTB models can signicantly dier from that in
the homogeneous and isotropic universes, because the anisotropy of the background
volume expansion appears in the derived equations. We expect that the derived
equations can be used to a N-body numerical simulation in the LTB cosmological
models. If we solve the numerical simulation and compare the results with obser-
vations of galaxy distributions, we may give a strong constraint to non-Copernican
cosmological models from cosmic structure formation at subhorizon scales. We leave
it for a future work.
We have linearized the derived Newtonian equations about the perturbations.
Thanks to the local approximation, the linearized equations are reduced to a set
of ordinary dierential equations in a decoupled form for each Fourier modes as
shown in Eqs. (5.103a){(5.103e). Since relativistic linear perturbation equations
in the LTB models cannot be reduced to a set of ordinary dierential equations
as discussed in x 3.1, we conclude that our approximation scheme developed here
simplied perturbation equations to a form of easy to handle. Then we solved the
linear perturbation equations numerically, and revealed the evolution of vorticity
elds and density perturbations. We have shown that the vorticity elds decays as
the universe expands, and this means the vector mode in the Newtonian perturba-
tions only contains the decaying mode. Since the weak lensing B-mode discussed
in Chap. 1 is produced only by the vector mode in the Newtonian approximation,
we expect that the B-mode in the LTB cosmological models is quite small at small
scales. The analysis of gravitational weak lensing based on our approach is left for
a future work.
We have found that the growth factor of density perturbations signicantly de-
pends on the direction of the wave vector of perturbations, , and the radial coordi-
nate of the LTB models, r0.as shown in gs. 5.5 and 5.6. We have shown that the 
dependence reects of the anisotropic volume expansion and the r0 dependence is a
result of the radial inhomogeneity of a huge void. These properties of the evolution
of density perturbations are consistent with the results obtained in Chap 4. Since
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the growth factor in the FLRW models is only a function of t, the -dependence
and r0-dependence of the growth factor in the LTB models can become a strong
discriminator for these two models.
Here, we should mention about a geometric approximation which was discussed
in Chap. 1 for the BAO scales. We showed that perturbations of each Fourier
modes in the comoving coordinate (5.81) are decoupled each other. This means the
wavelength of each modes expands following the volume expansion. Therefore, our
result shows that the geometric approximation is applicable to the cosmic structures
at subhorizon scales, includes the BAO scales. By using our analysis, we can test
the LTB cosmological models through observations of the BAO scales. This is left
for a future work.
In Chap. 3 and Chap. 4, we studied relativistic linear perturbations in the LTB
cosmological models, by restricting ourselves to the linearized LTB model which is
described by a dust-FLRW universe with an isotropic linear perturbation. Thus,
the analysis developed in Chap. 3 cannot be applied for LTB cosmological mod-
els that have nonlinear spherical inhomogeneity, although many LTB cosmological
models proposed as an alternative to Dark Energy have nonlinear inhomogeneity at
the present time as shown in x 2.2. By contrast, a method developed in this chap-
ter can be used for perturbations in non-linear LTB cosmological models, as long
as the wavelength of perturbations is so small that the Cosmological Newtonian
approximation is applicable.
Here, we discuss a relation between the analysis for perturbations developed in
Chap. 3 and that in this chapter. In g. 5.7, we showed a schematic picture repre-
senting the relation between the two independent approaches. Here, A denotes the
amplitude of radial inhomogeneity which exists in the background LTB model, and
=R denotes the ratio between the wavelength of perturbations and the curvature
radius of the background LTB model. Region 1 (dotted line) in g. 5.7 shows a
region that the analysis proposed in Chap. 3 can cover, where the inhomogeneity
of the LTB model is small (A  1) and the linearized LTB model is applicable.
Region 2 (dashed line) shows a region that the analysis proposed in this chapter
can cover, where the wavelength of perturbations is much smaller than the curva-
ture radius (R) and the Newtonian approximation is applicable, and the local
approximation can be used for the background LTB model. From g. 5.7, we can
see that there exists a region covered by both Region 1 and Region 2, where the
wavelength of uctuations is small (  R) and the background inhomogeneity is
small (A  1). We have shown that in such a region the growth of density per-
turbations obtained by the analysis in Region 2 is consistent with that in Region
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Figure 5.7: A schematic picture representing a relation between the analysis for
perturbations developed in Chap. 3 and that in this chapter, where A,  and R
denote the amplitude of inhomogeneity of the LTB background, the wavelength of
perturbations and the curvature radius of the LTB background. Region 1 (dotted
line) and Region 2 (dashed line) represent regions covered by the analysis proposed
in Chap. 3 and this chapter, respectively.
1. From g. 5.7, we can see that Region 3 is an uncovered region by our methods,
where the system is composed of relativistic perturbations in the highly non-linear
LTB models. Analysis of perturbations in Region 3 seems to be more dicult, and
we leave it for a future work.
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Chapter 6
Summary
In this thesis, we have studied the evolution of cosmic structures in a non-Copernican
cosmological model based on cosmological perturbation theory. We have considered
a LTB cosmological model which is the most popular model among non-Copernican
cosmological models. In Chap. 2, we have summarized physical properties of LTB
spacetimes, and given a brief review on LTB cosmological models of a huge void
proposed by some authors as an alternative to dark energy.
In Chap. 3, we have studied relativistic linear perturbations in LTB cosmological
models. First, we have seen that linear perturbation equations in LTB spacetimes
cannot be reduced to a set of ordinary dierential equations in a decoupled form,
since isometries in LTB spacetimes are less than those in FLRW spacetimes. Then,
to avoid the diculty, we have assumed a LTB cosmological model of which radial
inhomogeneity is not so large inside the past light cone of the central observer, and
linearized it around a homogeneous and isotropic FLRW model. Then, we have
added anisotropic uctuations with a random phase Gaussian probability distribu-
tion which seed all cosmic structures to the linearized LTB model. In this case,
linear perturbation equations in a LTB model are reduced to nonlinear perturba-
tion equations in a FLRW universe model. We solved the nonlinear perturbation
equations up to the second order, and obtained anisotropic density uctuations. We
have compared our approximation method with an approximation scheme used in a
paper by February, Clarkson and Maartens (FCM) [88]. We have shown that met-
ric perturbations ~ and ~&, which are assumed to be zero in FCM, do not decay as
time grows at the second order of our expansion method. This suggests that FCM's
assumption of ~ = ~& = 0 is not applicable at late times, where cosmic structures are
well developed.
In Chap. 4, we have studied stochastic properties of anisotropic density pertur-
bations obtained in Chap. 3. We have computed the two-point correlation function
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of the density perturbations in a huge void model, and shown that it has the distor-
tion coming from the tidal eld of LTB cosmological models. Then we have shown
that the distortion of the two-point correlation function has a non-negligible eect
both for the real space and the redshift space galaxy distributions in the o-center
region of LTB models. Thus, observations of galaxy clustering such as Redshift
Space Distortions may give a strong constraint for non-Copernican cosmological
models. We have computed the angular power spectrum of density perturbations in
the Clarkson-Regis void model, and have shown that the angular growth rates are
signicantly dierent from those in the CDM model even for low redshifts. This
implies that we can test the void model by observing of the angular growth rates.
In Chap. 5, we have considered nonlinear structure formation at subhorizon
scales in the LTB cosmological model of a huge void. First, by applying the local
approximation to the LTB model based on the Fermi-normal coordinate expansion,
we have shown that the LTB model can be considered as a locally homogeneous
and anisotropic universe of a dust uid. Then, by using the Cosmological Newto-
nian approximation to perturbations, we have derived equations of non-relativistic
hydrodynamics and Newtonian gravity for perturbations in a locally homogeneous
and anisotropic universe. The derived equations govern Newtonian self-gravitating
system in the LTB cosmological model, and enable us to study numerical N-body
simulation in these models. Then, we analyzed linear perturbations of the Newtonian
structure formation, and showed that the local anisotropy of volume expansion in
the LTB model signicantly aects to the density perturbations at small scales. Our
result suggests that observations involved in the Newtonian structure formation at
small scales, such as dark halos and galaxies, can be used as a test of non-Copernican
cosmological models.
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